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Phased  Array  of  Coaxially-Fed  Monopole 
Elements  in  a  Parallel  Plate  Waveguide 


1.  INTRODUCTION 


Linear  arrays  of  coaxially-fed  monopoles  radiating  into  a  parallel  plate  region  are  used 
extensively  in  various  space-fed  microwave  array  antenna  systems.  In  particular,  such  arrays 
are  employed  in  space-fed  beam  forming  networks.  In  addition,  the  information  derived  from 
the  study  of  these  arrays  is  very  useful  in  the  design  of  a  large  variety  of  conformal  arrays. 

In  view  of  its  simplicity,  low  cost,  polarization  purity,  reasonable  bandwidth,  and  power 
handling  capability,  the  coaxially-fed  linear  monopole  is  an  attractive  choice  for  an  array 
element  in  a  parallel  plate  waveguide.  A  detailed  knowledge  of  the  radiation  and  impedance 
characteristics  of  this  element  in  its  array  environment  is  basic  to  a  systematic  design  of  such 
high  performance  arrays. 

To  this  end  we  present  here  an  analysis  previously  briefly  reported  in  References  1  and  2 
and  in  more  detail  in  Reference  3  for  the  active  admittance,  element  patterns,  and  coupling 
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coefficients  of  an  infinite  linear  array  of  coaxially-fed  monopole  elements  in  a  parallel  plate 
waveguide  region.  Although  the  theoretical  analysis  is  carried  out  for  arrays  backed  by  a 
conducting  ground,  all  relevant  expressions  can  be  also  applied  when  the  conducting  backing 
is  removed  as  well  as  to  a  single  monopole  radiating  into  an  infinite  or  semi-infinite  parallel 
plate  region. 

At  the  outset  of  analysis,  a  thin  monopole- probe  approximation  is  invoked  in  that  the 
probe  current  is  assumed  to  have  only  an  axial  component  and  no  angular  variation.  This 
approximation  is  justified  since  the  probe  radius  is  small  compared  to  the  wavelength. 
Furthermore,  it  is  assumed,  for  consistency,  that  the  field  distribution  in  each  coaxial 
aperture  is  that  of  the  coaxial  feed-line  TEM  mode.  The  effect  on  active  admittance  of 
neglecting  higher  modes  in  the  coaxial  aperture  is  very  small.4  5 

Numerical  results,  presented  for  representative  parameter  values,  are  selected  to  illustrate 
the  various  trade  offs,  such  as  the  dependence  of  element  pattern  on  the  array  and  element 
geometry,  the  phase  center  location,  and  the  choice  of  optimal  geometry  for  element  matching 
in  the  array  environment. 

To  confirm  the  validity  of  the  theory,  a  one  and  two-half  element  waveguide  simulator, 
and  a  forty-element  linear  array  were  constructed.  Excellent  agreement  between  experiment 
and  theory  has  been  obtained. 

The  material  of  this  report  is  arranged  as  follows: 

In  Chapter  2,  expressions  are  derived  for  the  electromagnetic  field  in  an  infinite  parallel 
plate  region  due  to  an  annular  aperture  driven  by  a  coaxial  transmission  line. 

Similarly  in  Chapter  3  we  derive  expressions  for  the  electromagnetic  field  in  an  infinite 
parallel  plate  region  due  to  a  cylindrical  electric  current  source. 

Chapter  4  is  devoted  to  analysis  of  an  infinite  linear  array  of  monopole  elements  in  a 
parallel  plate  waveguide.  Expressions  for  active  probe  current,  active  admittance,  and 
coupling  coefficients  are  derived.  The  relevant  expressions  are  applicable  to  an  infinite  linear 
array  as  well  as  to  a  single  monopole  in  an  Infinite  and  semi-infinite  parallel  plate  waveguide. 

In  Chapter  5  we  evaluate  the  far-zone  field  due  to  a  single  monopole  radiating  into  infinite 
and  semi-infinite  parallel  plate  regions. 

Similarly  in  Chapter  6  we  derive  expressions  for  the  element  pattern  of  an  infinite  array 
radiating  into  Infinite  and  semi-infinite  parallel  plate  regions. 

Numerical  analysis  Is  given  in  Chapter  7.  Various  numerical  methods  used  in  computation 
of  probe  current,  active  admittance,  coupling  coefficients,  and  element  patterns  are  presented 
and  discussed. 

In  Chapter  8,  a  detailed  discussion  of  numerical  results  is  presented.  We  discuss  the 
following  four  geometrical  configurations:  (1)  a  single  monopole  in  an  infinite  parallel  plate 
region.  (2)  a  single  monopole  in  a  semi-infinite  parallel  plate  region.  (3)  an  infinite  linear 


4  Williamson,  A.G.  and  Otto,  D.V.  (1973)  Coaxially-fed  hollow  cylindrical  monopole  in  a 
rectangular  waveguide.  Electron.  Lett.,  9.  (No.l0):218-220 

8  Williamson,  A.G.  (1985)  Radial  llne/coaxial  line  Junctions:  Analysis  and  equivalent 
circuits,  Int  J.  Electronics,  58,  (No.  1):91-104. 
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array  of  monopoles  in  an  infinite  parallel  plate  region,  and  (4)  an  infinite  linear  array  of 
monopoles  in  a  semi-infinite  parallel  plate  waveguide. 

Chapter  9  describes  the  experimental  effort  and  presents  measured  data  that  strongly 
support  the  validity  of  the  analysis  and  accuracy  of  the  computer  program. 

Conclusions  are  found  in  Chapter  10. 

Appendixes  A  to  I  deal  with  various  mathematical  details  of  the  derivation. 


2.  MAGNETIC  RING  SOURCE  IN  AN  INFINITE  PARALLEL  PLATE  WAVEGUIDE 


In  this  chapter  we  derive  expressions  for  the  electromagnetic  field  in  an  infinite  parallel 
plate  region  due  to  an  annular  aperture  driven  by  a  coaxial  transmission  line.  A  coaxial  line 
of  inner  and  outer  radii  a  and  b,  respectively,  is  flush-mounted  on  the  bottom  plate  of  the 
perfectly  conducting  infinite  parallel  plate  waveguide  of  height  h  as  shown  in  Figure  2- 1 .  A 
cylindrical  coordinate  system  (p.  z)  is  chosen  so  that  the  z  axis  coincides  with  the  axis  of  the 
annular  aperture.  The  electric  field  over  the  aperture  is  assumed  to  be  that  of  the  TEM 
transmission  line  mode,  that  is. 


aSp'^b, 


(2-1) 


where  V0  is  the  applied  voltage  at  the  aperture  of  the  coaxial  feed  transmission  fine.  In 
Eq.  (2-1)  the  prime  denotes  the  source  coordinates.  Using  the  equivalence  principle,  the 
problem  of  Figure  2- 1  can  be  reduced  to  that  of  a  magnetic  ring  source  in  the  infinite  parallel 
plate  waveguide  shown  in  Figure  2-2,  where  the  magnetic  current  density  is  given  by 


M(r',t)  =  *0  M(p')  5{z)  eJa* 


(2-2a) 


with 


V 

M(p')  = - e—  . 

p'  lnb 
r  a 


(2-2b) 
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To  calculate  the  radiation  from  the  magnetic  ring  source  In  Figure  2-2,  one  may  utilize 
results  for  a  transverse  (to  z)  magnetic  current  element  derived  in  Appendix  A.  The  results  are 
verified  in  Appendix  B  by  an  alternate  approach  where  the  propagation  direction  is  assumed  to 
be  radial. 

The  procedure  consists  of  several  steps: 

1.  We  begin  with  expression  (A- 16a)  for  the  potential  function  S  where  the  longitudinal 
Green's  function  g^  will  be  determined  subject  to  "parallel  plate"  boundary  conditions.  Since 
there  are  no  transverse  boundaries,  the  distinction  between  the  E  and  H  mode  Green's 
functions  resides  solely  in  their  longitudinal  dependence,  that  is,  gd  .  As  stated  in  step  2,  only 
the  E  mode  Green's  function  g'  needs  to  be  evaluated. 

°zl 

2.  Determine  the  Hertz  potentials  using  Eqs.  (A-4).  As  shown  in  Appendix  A,  the 
transverse  currents  generally  excite  both  E  and  H  modes  with  respect  to  z.  The  lack  of  a  source 
dependence  on  <t>'  implies  that  3/3<t>'  =  0  in  Eq.  (A-4b)  and  consequently  the  H  mode  Hertz 
potential  fl"  (r,r')  =  0.  Thus  for  the  special  case  of  a  constant  ring-source  distribution  (m=0), 
only  E-modes  are  excited. 

3.  Determine  the  vector  potential  A(r).  The  expression  for  the  vector  potential  will  be  used 
later  in  the  analysis  of  a  linear  array  of  coaxially-fed  monopoles  in  parallel  plates. 

4.  Determine  the  E-mode  electric  and  magnetic  fields  (Ep.  H^,  EJ  by  means  of  the  Hertz 
potential  n'(r.r')  and  Eq.  (A-l)  or  directly  from  the  vector  potential  A(r)  and  Maxwell's 
equations. 


2.1  Green's  Functions 

With  reference  to  Figure  2-3,  for  an  azimuthal  vector  point  current  element 


M°  =  M®  =  $0  M°  6(r  -  r') 


(2-3a) 


M°  =  -  — 

p'  Ink 
a 


(2 -3b) 


one  obtains  for  the  E-mode  potential  function  In  Eq.  (A- 16a) 
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S'(r.r') 


(2-3c) 


where  r  =  (p,  <j>,  z)  defines  the  field  point  and  r'  =  (p',  <t>' ,  zl  specifies  the  source  location.  The 
Jin(^P<)  and  H ^2,(^P>)  are  Bessel  and  Hankel  functions  of  order  m  and  argument  (^p<)  where 
p<  and  p>  denote  the  lesser  and  greater,  respectively,  of  the  quantities  p  and  p'.  The  Integration 
contour  C'2  in  the  complex  £-plane  Is  shown  In  Figure  A-l.  The  E-mode  Green's  function  g  ^  , 

is  given  in  Eq.  (A-6a)  where  evaluation  of  y'(z,  2 0  is  based  on  the  network  representation  of 
the  equivalent  axial  transmission-line  problem.  The  network  procedure  is  Illustrated  in  the 
following  calculation  of  Y'(z,  z").  Since  Yj(z,  z')  is  defined  as  the  current  at  a  point  z  on  a 
transmission  line  excited  at  z/  (In  this  case  z'  =  0)  by  a  series  voltage  source  of  amplitude 
V  =  -1,  the  pertinent  network  problem  is  shown  In  Figure  2-4. 


Figure  2-3.  Magnetic  Point  Source  in  an  Infinite  Parallel  Plate  Waveguide 


6 


Ii- Y{(z,  z  ) 


Figure  2-4.  Network  Problem  for  the  Determination  of  YJ(z.z') 


At  z  =  0  and  z  =  h  the  transmission  line  Is  short  circuited.  Thus. 


Z,(z')  =jz;tgKth 


(2-4a) 


Z,  (zl  =  0 


(2-4b) 


where  Z  (z'j  and  Z  (z'J  are  the  Impedances  seen  looking  to  the  right  and  to  the  left,  respectively, 
from  the  generator  terminals.  We  define 


Y;(z,  z')  = 


Zj  (z'j  Jz;i«Kih 


(2-5) 


The  Green's  function  Is 


Y;(z,  zT  =  Yj(z',  z')  T  (Z<)  7  (Z>) 


(2-6a) 


where 


I  (z<)  =  COS  K(Z 


z  >  z' 


(2-6bl 
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(2-6c) 


-»  COS  K,(h-z) 

I  (Z  )  m - C - 1 

'  *  COS  K,h 


In  Eq.  (2- 3c), 


g'(Zz')-_L  Y'(zz')  =  -L  1  cosy-  COSKt(h-z) 
21  J“eo  1  J®60  Jz;tg*h  cosKjh 


Y'  COS  KjZ'  COS  K((h-z)  COS  K((h-z)  COS  KjZ' 


o>e0  sin  Kjh 


KjSln  K(h 


(2-7a) 


where  the  E-mode  characteristic  admittance  Is  given  by 


toe 

Y'  -  o 

1  K 
Ki 


(2-7b) 


Using 


(2-8a) 


upon  substitution  of  Eq.  (2-7a)  Into  Eq.  (2-3c),  the  function  S' becomes 


S'(r.r')  =  - JL  y 
4tc 


f  Ij  rtp.)H(2)ftoJ  d£. 

ici*  m  m  Vk2T,28lnVi?T7h 


Vk2  -  t?  sin  Vk2  -  h 


(2-8b) 


The  contour  integral  in  Eq.  (2-8b)  may  be  evaluated  by  Cauchy  s  Residue  Theorem 
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(2-9) 


f($)d$=  2Kl%Res  m\ 

n 


inside  c'  •  Note  that  c'  In  Eq.  (2-8b)  is  taken  clockwise  so  that  a  negative  sign  has  to  be 
introduced  in  Eq.  (2-9).  If 


<K| ) 

¥(« 


(2- 10a) 


where 


<p(4)  =  |  Jm(^P<)  Hm  Up>)  008  Vk2  -  $2  (h  -  z)  cos  Vk2^2  z' 


(2- 10b) 


and 


Y(^)  =  Vk2  -  E,2  sin  V k2  -  E,2  h 


(2- 10c) 


then 


Res 


<P(5) 

vtt). 


*'(U 


(2-10d) 


Here,  the  4n  are  simple  zeros  of  vy(^).  Setting 


sin  V  k2  -  E,2  h  =  0 


(2- 11  a) 
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from  which 


(2- lib) 


so  that  one  finds 


n  =  0,  1,2 .  (2-1  lc) 


Note  that  the  pole  arising  from  f,  =  0  in  Eq.  (2-8b)  lies  outside  of  the  integration  contour  and 
therefore  does  not  contribute  to  the  integral  in  Eq.  (2-9).  From  Eqs.  (2- 10b)  and  (2-lOc), 


■KU  *  f  H»  (V>)  (-*>"  c„« 

Si 


(2- 12a) 


dy(4)  | 


-  5  sin  Vk¥-?h 

Vk^2 


-  ^h  cos 


-2yi,  n  =  0 

(2- 12b) 

(-.)"(- 5„h).  ns  1 

where  the  relations 

cos  —  (h-z)  =  (-l)n  cos  US  z 

h  h  (2- 12c) 

C  (z)  =  cos  US  z 

n  h  (2-12d) 

and 
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(2-12e) 


C  (z')  =  cos  Si  z' 
n  h 


have  been  used.  Finally,  from  Eq.  (2-9).  using  Eqs.  (2-10d)  and  (2-12) 


P  ^  d*  "  Jf  \ -T  JTO(  V<)  H™(  V>)  Cn(Z)  C>'> 

Cl  n=0  K 

*  n 


(2-13) 


where  e0  =  1.  en  =  2  for  n>l. 

When  we  substitute  Eq.  (2-13)  Into  Eq.  (2-8b),  the  E-mode  potential  function  S'(r,rT  becomes 


n=0  K 


<*0  00  (2) 

=  _J_  V  e-lm (♦-♦')  y  C  (Z)C  (Z')J  Jm(KnP)  Hm  (KnP)’  P>P> 

4h  ^  ^.2  n<Z>  VZ  >  ,2.  •  (2-14) 

ra=-~  K-  Jm(V)  «L (V')'  P<P' 


2.2  Hertz  Potential 

When  the  magnetic  source  Is  transverse  (M°=  0)  the  E-mode  Hertz  potential  is  given  by  Eq. 
(A-4a)  as 


n'(r.r')  =  (M®  x  zQ)  .  V;s'(r,r') 


(2- 15a) 


where  In  cylindrical  coordinates 


v;  =  p  A.  +  <t>  i  A 

0  3p'  0  p' 


(2  15b 
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Substitution  of  Eq.  (2-3a)  for  M°  and  Eq.  (2-14)  for  S'(r.r')  Into  Eq.  (2-15a)  yields 


n'(r,r')=M°(p')^S(r,r') 

Jm(KnP')Hm(V>-  P>P' 

,2)  (2-16) 

Jm(KnP)  Hm  (V>  P<  P' 


-  ,mV)  y 

J  4h  ^ 


C  (Z)C  (z') 


n=0 


where  J'  (*„  p')  and  Hm*2*'(Kn  p')  are  derivatives  of  Bessel  and  Hankel  functions,  respectively, 
with  respect  to  the  argument. 

The  E-mode  Hertz  potential  for  the  (constant  In  40  magnetic  current  circular  loop  (see 
Figure  2-5) 


M°  -  <frQ  M°  S(p-p')  6(z),  (z'=0) 


(2-17) 


can  be  now  obtained  by  Integrating  Eq.  (2-16)  over  p'  and  z'.  Thus, 


n'(r:p')-  r  r 

J 6’=0  Jz'= 0 


n'(r.r')  p'  d<!>'  dz' 


Cn(Z) 


Jl(K„P')  HJ,2)(KnP) 

J0(V)  H!2)(KnP') 


n'(r>:P  ).  p>p' 

n'fr^p').  p<p' 


(2- 18a) 


where 
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(2- 18b) 


K  = - £— 

2h  lnt 
a 


and  where  the  identities  J'(k  o')  =  -  J,(k  o')  and  HU)  '(k  o')  =  -H*2'(k  p')  have  been  utilized. 

0  nr  1  tv  O  nr  1  '  rV 


Figure  2-5.  Magnetic  Current  Circular  Loop  In  an  Infinite  Parallel  Plate  Waveguide 


2.3  Vector  Potential 

The  magnetic  field  H(p,z;p')  due  to  a  (constant  In  0')  magnetic  current  circular  loop  source  at 
r  *  r'  Is  isee  Eq.  (A- lb)] 


H(r:p')=Jcoe0Vxz0  n'(r;p') 


(2-19) 


where  n'(r.p')  Is  given  by  Eq.  (2-18).  For  the  annular  magnetic  ring  source,  with  inner  and 
outer  radii  a  and  b,  respectively,  the  magnetic  field  H(r)  can  be  obtained  upon  integration  of 
Eq.  (2-19)  over  the  radial  source  coordinate  p',  that  is, 
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(2-20) 


H(r)  =  jcoe0 


Vxzon'(r:p')dp'. 


The  H(r)  is  related  to  vector  magnetic  potential  A(r)  by 


H(r)  =  J-Vx  A(r). 
^0 


(2-21) 


From  Eqs.  (2-20)  and  (2-21),  one  can  now  write  the  expression  for  A(r)  in  terms  of  lT(r,p')  as 
follows. 

When  the  observation  point  r  =  (p,d>,z)  is  in  the  region  psaorp^b,  one  sees  by  Inspection 
that 


A<r) 38  *0  Az<r) 


(2-22a) 


where 


Az(r>  =  ^ok%J 


n'(r.p')  dp' 


(2 -22b) 


and 


%  = 


(2.22c) 


If  the  observation  point  r=(p,<|>.z)  is  in  the  region  a  <  p  <  b.  z  *  0.  the  Integration  limits  in 
Eq.  (2-20)  become  functions  of  the  Integration  variable  and  consequently  one  can  not  simply 
Interchange  integral  and  curl  operators;  instead  more  careful  analysis  is  needed. 

To  this  end,  we  first  rewrite  Eq.  (2-20)  in  the  form 
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H(r)  =  -^(oe  f  ^fes±)dp\  aSpSb 

J  a  *  Jd=p  *» 


(2-23a) 


where 


V  *  ig0n>(r.p/) a  -  ^0~~v~' 

dp 


(2-23b) 


has  been  used.  Equation  (2-23a)  can  be  further  reformulated  by  Introducing  the  Identity  known 
as  Leibnitz's  rule6  ,  that  Is. 


f BW  arfct)  dt .  A  f(x  t)  dt  _  ffxB)  ^  ja« 

Jaw  <*  Jaw  d*  *' 


(2-24) 


which  Is  valid  for  all  values  of  x  In  an  Interval  when  f  and  df/3  x  are  continuous  for  a  <  x  <  b, 
and  A  <  t  <  B,  and  when  A'(x)  and  B'(x)  are  continuous  In  (a.b).  Using  Eq.  (2-24),  the  Integrals 
In  Eq.  (2-23a)  take  the  form 


£>■  '  3rr^)  dp. .  A  £  P  n-^dp'  -  n-(vp) 


(2-25a) 


Jp  =p  j p-_p 


(2-25b) 


and  consequently 


6  Hildebrand  ,  F.  (1962)  Advanced  Calculus  for  Applications.  Prentice  Hall,  Inc.,  Englewood 
Cliffs.  New  Jersey. 
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fb 

H(r)  ©e0~J  n'(f.p')dp'  +  n'(r<;,p)-n'(r>,p).  a£(p=p')<b. 


(2-25c) 


Since, 


n'(VP)  -  n(r,P) «  -Jiw.X,  £  cn(z,(j  ^ 


(2-26a) 


where  the  Wronsklan  relation 


Jo(V)  Hf(V)  -  j.(V)  Hf  (V)  -J  sh 

ir 


(2-26b) 


has  been  utilized,  Eq.  (2-25c)  becomes 


H^)— ♦0J<W0A  f  n'(r.p')dp'-jKV0X  ^Cn(z)  j-J-lnp 

L*'a  n"°  n  n 


(2-26c) 


In  view  of  Eqs.  (2-21)  and  (2-23b)  from  Eq.  (2-26c)  the  vector  potential  for  a  <  p  <  b  Is 


z(r)  =  Jn0kn0  f  n'(r.p')dp'  +  KV0X  cn(z)  Jlnp 

J a  n=0 k 


(2-27) 


Hence  from  Eqs.  (2-22b)  and  (2-27)  using  Eq.  (2-18),  the  vector  potential  A(r)  =z0  Acfr)  due  to  an 
annular  magnetic  ring  source  of  width  (b-a)  Is 


A2(r)  =  -KV0Hokno  I  -f  Cn(z) 
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(2-28a) 


-j  J  In p  +  JQ (Knp)  Hf  (Knb)  -  H®  (Knp)  JQ (Kna),  aSpSb 
Jo(V)rtn  •  PSa 


where 


dp'  =  J0(Knb)-Jo(Kna) 


(2-28b) 


and 


dl>'-<V„b) -»?’(«„«)• 


(2-28cJ 


2.4  Electric  Field  (Ep.  Ez) 

The  electric  field  at  r  due  to  a  constant  magnetic  current  circular  loop  at  p'  can  be 
evaluated  from  (see  Eq.  (A- la)] 


E(r.p')=  VxVxzon'(r,p') 


(2-29) 


where  n'(r.p')  is  given  by  Eq.  (2-18).  In  component  form,  Eq.  (2-29)  is 
E(r.p')  =  p0  Ep+  z0  Ez 


(2-3uaJ 


where 


(2-30b) 


Ep(r.p') 


92n'(r,pQ 

dz  dp 


li 

dn^r.p)' 

d2 n'(r.p')  (  x  dn'(r.p') 

P  dp 

lp  *>  : 

dp2  p  3p 

(2-30c) 


Since  d/d$'  =  0. 

We  first  evaluate  Ep(r).  From  Eqs.  (2-30b)  and  (2- 18a), 


sin  S5.  z 
h 


Jl(KnP')  Hf(V)’  W 

Ji(V)  Hf)(v')* 


(2-31) 


The  radial  component  of  the  electric  field  In  the  parallel  plate  region  at  r  =  p0  p  +  ♦o  P  <t>  +*o  z 
due  to  the  annular  magnetic  ring  source  of  width  (b-a)  at  z  '=0  Is  obtained  by  Integrating 
Eq.  (2-31)  over  the  source  (prime)  coordinates  as  follows: 


f  ~  e 

EP(r)  =  J  EP(r’P'}  dp' =  ”jKVo  £0  (if )  sln  if  z 


HfW) 

»b 

Ji(V)  <*' 

a 

p^b 

H?(v) 

PJ,(Knp')dp'*J1(V)  f  Hf'(v-)dp-. 

a<psb 

J 

a  Jp 

r1 

Hf  ( V)  Op' 

Jl(KnP)J 

p<a 
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.  p£b 


=  j^o  X  !r(if)  sln^z 

n=0Kn  vn  7  n 


Jl(KnP)H?)(Knb)-Hf)(KnP)J0(Kna)’  aSPSb  (2‘32) 


J.(V)rtn 


,  p^a 


where  ln  and  Hn  are  given  In  Eqs.  (2-28b)  and  (2-28c),  respectively. 

The  same  procedure  Is  followed  to  obtain  the  z- component  of  the  electric  field  In  a  parallel 
plate  region  due  to  an  annular  magnetic  ring  source  of  width  (b-a)  at  z'=0.  Utilizing  Bessel’s 
equation  of  zeroth  order 


^  +  1 A  in'(r.p')  =  -K2  n'(r.p') 


dp 


P  dp 


(2-33) 


one  sees  from  Eq.  (2-30c)  that 


Ez(r,p')  =  k*  n'(r.p')  =  -JKVq 


I 

n  =  0 


£  K  C  (Z) 
n  n  rr  7 


Ji(VOH?(KnP)'  p^' 

Jo(KnP)Hf)(KnP')'  P<P' 


(2-34) 


Integration  over  p'  yields 


E('>  -  f  Ez(r’P')  dP'  “  -J^o  I  enKn  Cn<Z> 

J  a  n  =  0 


H 


(2) 


(V) 


.  p>b 


Ho2’( 


V)  J  Jl(KnP')  dP'  +  Jo(KnP)j  nfW')  dp  -  a-P-b 


.  p<a 
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.  p^b 


■JKV„  I  £„c.« 

n=0 


H?(V)5n 

Jo(v)  HoV„»)  -  -OvW,,*).  a£<’sb- 


(2-35) 


Jo(K„P)  Hn 


p<a 


Note  that  Eqs.  (2-32)  and  (2-35)  for  E(r)  could  be  alternatively  derived  using  Eq.  (2-28)  for  the 
vector  potential  A(r),  from  which,  using  Eq.  (2-21),  one  determines  H(r).  Consequently, 


E(r)  = 


1 

J“eo 


V  x  H(r). 


(2-36) 


2.5  Magnetic  Field  (H^) 

The  magnetic  field  at  r  due  to  the  annular  magnetic  ring  source  of  width  (b-a)  at  z  '=0  can 
be  directly  obtained  from 


„(r).X  V, ,1 


(2-37) 


Substitution  of  Eq.  (2-28a)  into  Eq.  (2-37)  yields 


H*(r)  =  -Kn0Vo 


CnW 


HfW)1n 

J^T  +  J,(K„P)  H?,(Knb)-H“,(V)Jo(Kna)- 

ir 


p>b 

a  <p<b . 


J,(v) H 


p<a 


(2-38) 
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Note  that  Eq.  (2-38)  can  be  also  derived  using  (A-lb),  that  Is, 


H(r.p')  =  j(oe0  V  x  *on'(r,p')  =  -^JcoEq  =  $0H^(r,p') 


(2-39a) 


where  n'(r.p')  Is  given  by  Eq.  (2-18)  and 


*Vr)  = 


H^r.p')  dp'. 


(2-39b) 


3.  CYLINDRICAL  ELECTRIC  C’JRRENT  SOURCE  IN  AN  INFINITE  PARALLEL  PLATE 
WAVEGUIDE 


In  this  chapter  we  derive  expressions  for  the  electromagnetic  field  in  an  Infinite  parallel 
plate  region  due  to  a  cylindrical  electric  current  source.  The  geometry  under  consideration  Is 
shown  In  Figure  3-1  where  a  and  tare  the  radius  and  length,  respectively,  of  the  cylindrical 
source  and  h  Is  the  height  of  the  Infinite  parallel  plate  waveguide.  A  cylindrical  coordinate 
system  (p,<t>,z)  is  chosen  so  that  the  z  axis  coincides  with  the  axis  of  the  source.  The  source 
electric  current  density  distribution  is  assumed  to  be  a  known  function  of  z  given  by 


J(r \t)  =  zQ  Jz(z')  8(p-a)  ej0,t.  0<z'S( 


(3-1) 


where  the  prime  refers  to  source  coordinates. 
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Figure  3-1.  Geometry  of  Cylindrical  Electric  Current  Source  in  an 
Infinite  Parallel  Plate  Waveguide 


To  calculate  the  radiation  from  the  cylindrical  current  source  in  Figure  3-1,  one  may 
proceed  as  in  the  previous  chapter,  and  utilize  the  results  in  Appendix  A  for  a  longitudinal  (to 
z)  electric  current  element.  The  results  are  verified  in  Appendix  C  by  an  alternative  analysis 
where  the  propagation  direction  is  assumed  to  be  radial. 

The  procedure  consists  of  the  following  steps: 

1.  Determine  the  Green's  function  G(r.r').  Since  the  electric  current  in  Eq.  (3-1)  is 
longitudinal  and  constant  in  <{>',  only  E-modes  with  respect  to  z  are  excited. 

2.  Determine  the  E-mode  Hertz  potential  n'(r.r')  using  Eq.  (A-4c). 

3.  Determine  the  vector  potential  A(r). 

4.  Determine  the  E-mode  electric  and  magnetic  fields  (Ep>H$tEz)  using  Eq.  (A- 1 )  or  step  3. 

3.1  Green's  Functions 

The  Green's  function  G'(r.r')  for  the  axial  electric  dipole  shown  in  Figure  3-2  is  given  in 
(A-3a)  in  terms  of  the  function  S'(r.r')  defined  in  Eq.  (2-14).  Hence. 


G'(r.r')  =  -V^S'(r.r')  =  - 


+  1  --  S'(r.r')  =  K2  S'(r.r') 
pdpj 
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(3-2) 


where  Cn(z)  and  C  n(zO  are  as  given  in  Eqs.  (2-12d)  and  (2-12e). 


Figure  3-2.  Axial  Electric  Dipole  in  an  Infinite  Parallel  Plate 
Waveguide 


3.2  Hertz  Potential 

For  the  longitudinal  electric  point  current  element  J°  =  zQJ°  (M°  =  0)  shown  in  Figure  3-2, 
one  obtains  for  the  Hertz  potential  function  from  Eq.  (A-4),  for  exp(jcot)  time  dependence, 

j° 

n'(r,r')  =  — ^G'(r.r')  (3-3a) 

JW£o 

n"(r,r')  =  0.  (3  3t  1 
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Fence  J°  contributes  to  n'(r.r'),  thereby  exciting  E-modes  with  respect  to  z  only.  Substituting 
Eq.  (3-2)  into  Eq,  (3-3a)  we  obtain  for  the  Hertz  potential: 


.O  CIO  oo 

n'(r.r')  =  -  — V  Ye  J  (k  p  )  H^Vk  p  )  C  (z)  C  (z'). 

4hcoe  ^  n  ra''  n  <7  mV>  n  >f  nV  ’  n'  7 


0  °° 


n=0 


(3-4) 


The  E-mode  Hertz  potential  due  to  the  (constant  in  p')  electric  cylindrical  current 
distribution  (see  Figure  3-1) 


J(z')  =  Jz(z')  8(p-a),  <Kz 'Si 


(3-5) 


can  be  now  obtained  by  integrating  Eq.  (3-4)  over  the  source  surface  S'.  Since  the  source 
current  Is  constant  In  0  0/5<t>'  =  0)  only  the  m=0  term  In  Eq.  (3-4)  contributes.  Hence. 


n'(r) 


J»2ft  ml  mb 

'*0  Jz  »0  Jp»a 


n'(r.r')  p'dp'  d<t>'dz' 


=  ckn0 


oo 

X 

n=0 


e  C  (z)  I 

n  n 


n 


J0(Kna)  H?(KnP)’  f*3 

Jo(KnP)H02)(K„a)’  P-3 


(3-6a) 


where 


1 

n 


C^z')  dz’ 


(3-6b) 


and 


C  = 


2h 


(3-6c) 
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3.3  Vector  Potential 

From  Eq.  (A- lb)  the  vector  potential  and  Hertz  potential  are  related  by 


A(r)  =  Jioe0p0  zon»  =  vyr). 


(3-7) 


Using  Eq.  (3-6)  with  the  electric  current  distribution  given  by  Eq.  (3-5).  from  Eq.  (3-7),  the 
vector  potential  is 


Az(r)  =  jCM0  X  eCn(z)In 

n  =  0 


J0(Kna)  H02’(KnP)’  PSa 

P^3 


(3-8) 


3.4  Electric  Field  (Ep.  Ez) 

The  electric  field  at  r  due  to  the  electric  current  of  Eq.  (3-5)  can  be  obtained  from  Eq. 
(A- la),  that  is. 


E(r)  =  V  x  V  x  zQn'(r) 


(3-9) 


where  fl'(r)  is  given  by  Eq.  (3-6).  In  component  form  Eq.  (3-9)  is 


E(r)  =  p„  E  +  z„  E 
‘  '  p  0  z 


(3-10a) 


where 


E 

P 


(«■)  = 


^n'(r) 
t)z  dp 


(3- 10b) 
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E  (r)  =  -  3  rc'(r>  +  1— g)  =K2n'(r). 

Z  [  3p2  P  3p  J  “ 


(3- 10c) 


Substitution  of  Eq.  (3-6)  Into  Eq.  (3-10)  yields 


Kn( na ) sin  ns  z i  Hi  p>a 

P  1"'°  n=°  °  ”  ”  h  "  »“(«„•).  pSa 


(3-  11a) 


_  ~  ,  JnfK  a)  H*  Vk  pY  p>a 


(3- lib) 


3.5  Magnetic  Field  (H$) 

The  magnetic  field  at  r  due  to  the  (uniform  In  <j>')  cylindrical  electric  current  distribution  of 
Eq.  (3-5)  can  be  directly  obtained  from 


H(r)  =  -L  V  x  A(r) 


(3-12) 


where  the  vector  potential  A(r)  is  given  by  Eq.  (3-8).  Hence, 


.  dA  (r)  “  Jn(tc  a)  H  Vk  p),  p>a 

po  *  "•»  KM  «!>„»)•  PSa 


(3-13) 


As  already  mentioned  in  Chapter  2.  H(r)  could  be  also  obtained  from  (A- lb),  l.e.. 


H(r)=J^0  Vxzon  <r> 


(3-14) 


where  FI'(r)  Is  given  by  Eq.  (3-6). 
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4.  ACTIVE  ADMITTANCE  AND  REFLECTION  COEFFICIENT  OF  AN  INFINITE  LINEAR 
PHASED  ARRAY  OF  MONOPOLE  ELEMENTS  IN  A  PARALLEL  PLATE  WAVEGUIDE 


In  this  chapter  we  present  the  analysis  and  expressions  for  the  active  input  admittance 
and  reflection  coefficient  of  a  coaxially-fed  monopole  element  In  an  infinite  linear  phased 
array  radiating  into  a  semi-infinite  parallel  plate  waveguide.  The  term  "semi-infinite"  In  this 
report  refers  to  monopole  elements  in  a  parallel  plate  waveguide  backed  by  a  perfectly 
conducting  ground  plane.  Although  all  relations  are  written  for  a  linear  array  of  monopoles 
in  a  semi-infinite  parallel  plate  waveguide,  they  can  be  applied  to  a  single  monopole  in  an 
infinite  and  semi-infinite  parallel  plate  waveguide,  and  to  a  linear  array  of  monopole 
elements  in  an  infinite  parallel  plate  waveguide  after  a  simple  modification  to  be  described. 


Figure  4- 1 .  Linear  Array  of  Coaxial-Monopole  Elements 
in  a  Semi-Infinite  Parallel  Plate  Waveguide 


The  model  under  consideration  Is  shown  in  Figure  4-1.  The  coaxially-fed  monopoles  of 
length  I  are  located  in  a  parallel  plate  waveguide  of  height  h  (only  the  TEM  mode  propagates 
since  h  <  A./2).  The  uniform  distance  between  elements  is  d  while  the  distance  between  the 
probe  elements  and  "ground  plane”  is  s  (approximately  X/4).  The  probe  radius  is  a  «  A.  while 
the  inner  and  outer  radii  of  the  coaxial  lines  are  a  and  b.  Each  feed-coaxial  transmission  line 
has  a  characteristic  impedance  Zc  and  a  dielectric  with  relative  permittivity  er.  A  cylindrical 
coordinate  system  (p.  <t>.  z)  with  respective  unit  vectors  (p0.  ^o)  is  chosen  so  that  the  z  axis 

coincides  with  the  axis  of  the  reference  monopole  radiating  element  (p=0). 

The  analysis  takes  into  account  the  geometry  of  the  feed  system.  The  field  distribution 
the  coaxial  aperture  is  assumed  to  be  that  of  the  TEM  mode  of  the  coaxial  line.  The  effect  on 
the  active  admittance  of  neglecting  higher  modes  in  the  aperture  is  very  small  as  shown  in 
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Reference  7.  Furthermore,  In  the  analysis  we  have  assumed  that  the  probe  current  has  only 
an  axial  component  and  no  angular  variation.  This  approximation  is  justified  since  a  «  1 
and  a/A.  «1  (see  Figure  4-1). 

The  expression  for  the  active  admittance  is  given  in  terms  of  array  and  monopole 

/s 

geometry,  and  inter-element  phasing  5X.  that  is  .  scan  angle  <t>0.  The  analysis  is  based  on  the 
method  of  images,  using  results  from  the  previous  two  chapters  for  a  single  monopole  in  an 
infinite  parallel  plate  waveguide.  The  procedure  is  carried  out  in  a  number  of  steps.  Prior  to 
presenting  the  details  of  analysis,  we  enumerate  these  steps  as  follows: 

1.  Obtain  expressions  for  Ezo  (p.z)  due  to  an  isolated  (single)  reference  annular 
aperture  (magnetic  frill)  and  probe  current  in  an  infinite  parallel  plate  waveguide. 

2.  Define  the  array  excitation;  to  evaluate  the  active  input  admittance  YafS*),  all 
elements  are  initially  excited  with  forced  aperture  voltages  of  equal  amplitude  V o  (z=0  )  and 
progressive  phase  8X. 

3.  For  an  observation  point  located  on  the  reference  probe,  Ez  (a.z)  is  obtained  as  a 
superposition  of  all  (real  and  image)  probe  currents  as  well  as  by  the  assumed  known 
equivalent  magnetic  ring  current  distributions  in  the  coaxial  apertures. 

4.  To  apply  the  boundary  condition  on  the  probe,  using  the  Addition  Theorem  for 
cylindrical  functions,  the  field  Ez(a,z)  is  re-expanded  about  a  cylindrical  axis  centered  at  the 
reference  element.  Because  the  reference  probe  current  distribution  is  rotationally  symmetric, 
only  terms  with  no  angular  variation  are  considered. 

5.  The  slow  convergence  of  the  infinite  sum  over  the  array  elements  is  accelerated  as 
described  in  Appendix  E. 

6.  Steps  1  to  5,  combined  with  the  requirement  that  the  total  axial  electric  field 
Ez(a.z)  vanishes  on  the  probe  surface,  yield  a  desired  integral  equation  for  the  unknown  probe 
current. 

7.  After  expanding  the  probe  current  in  a  sine  series,  using  the  Galerkin  procedure,  we 
obtain  a  set  of  linear  inhomogeneous  equations  for  the  determination  of  the  unknown  probe 
expansion  coefficients. 

8.  Having  solved  for  the  probe  current,  then  following  the  procedure  indicated  in  steps 
1  to  4,  we  determine  the  magnetic  field  H$(p,  z=0+)  in  the  aperture,  where  a  <  p  <  b. 

9.  The  continuity  of  H$  (a  <  p  <  b,  z=0+)  is  imposed  across  the  aperture,  yielding  Ya(8x). 


7  Williamson,  A.G.  and  Otto,  D.V.  (1973)  Coaxially-fed  hollow  cylindrical  monopole  in  a 
rectangular  waveguide.  Electron.  Lett,  9(No.  10):218. 
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4.1  Coaxially- Fed  Monopole  in  an  Infinite  Parallel  Plate  Waveguide 

Expressions  for  the  field  In  an  Infinite  parallel  plate  region  due  to  a  single  coaxlally-fed 
monopole,  shown  In  Figure  4-2,  are  presented.  These  expressions  will  be  used  In  the 
subsequent  sections  to  evaluate  the  active  Input  admittance  of  the  monopole  element  In  a 
linear  phased  array  radiating  Into  a  semi-infinite  parallel  plate  waveguide. 


Figure  4-2.  Coaxially-Fed  Monopole  In  an  Infinite 
Parallel  Plate  Waveguide 


As  already  mentioned,  the  electric  field  over  the  coaxial  aperture  is  that  of  the  TEM 
transmission  line  mode,  that  Is, 


/  _x  V  (z=0  ) 

E(p,z=0  )  =  p0  — - —  .  a  <  p<b 


p  In 


(4-1) 


29 


where  V0(z=0 ~)  is  the  applied  voltage  in  the  aperture  between  two  conductors  of  the  coaxial  feed 
transmission  line.  The  circular  cylindrical  probe  current  is  assumed  to  be 


J0(p.z)  =  zo  J*o<z)  8(P'a)'  OZz&l. 


(4-2) 


The  total  field  in  the  infinite  parallel  plate  region  may  be  represented  at  a  superposition  of 
the  fields  due  to  a  single  coaxially-fed  annular  aperture  source  (Eq.  (4-1)1  and  a  probe  current 
source  (Eq.  (4-2)1.  Relations  for  the  fields  radiated  from  these  sources  have  been  obtained  in 
the  previous  two  chapters  in  terms  of  radial  waveguide  modes  with  propagation  constants  k„. 
For  convenience,  we  summarize  the  results  below. 

4.1.1  VECTOR  POTENTIAL  AQ  (p,z) 

The  vector  potential  AQ  (p.z)  =  zQ  (p.z)  due  to  a  single  monopole  in  an  infinite  parallel 
plate  waveguide  is 


Atf><P-Z)  =  Azo(P'Z:Vo)  +  Azo(P’Z:Jzo) 


(4-3a) 


where  and  A^>o(p,z;Jz0)  are  defined  in  Eqs.  (2-28)  and  (3-8).  respectively  as 


A>z)  =  -Kfi0k%v0(z=0')  X  %cn(z) 

n=0  K 

n 


ho2|(V)  \  ■  ”2h 

-j2  Inp  +  J0(Knp)  -HJ,2l(Knp)  J0(Kna).  a<p<b  (4-3b) 

J0(KnP)  Hn  •  P-3 


AP0(p,z)  =  jCp0  I  enCn(z)In 

n=0 


|Jo(Kn3)  H02’(KnP)' 
(Jo(KnP)H02>(Kna)- 


p>a 


p<a 


(4-3c) 
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4.1.2  ELECTRIC  FIELD  E0(p,z) 


The  total  electric  field  E0  (p,z)  In  the  parallel  plate  region  Is 
E0(p.z)  =  E“(p.z)  +  EJ(p.z) 


(4-4) 


where  E*(p,z)  Is  the  electric  field  due  to  the  applied  aperture  voltage  V0(z  =  0~)  (or  equivalent 
concentric  magnetic  current  source)  and  E^(p,z)  Is  the  electric  field  due  to  the  probe  electric 
current  J^z).  The  E*(p,z)  In  Eq.  (4-4)  Is 


E“(p.z)  =  PoE^o(p.z)  +  z0E>.2) 


(4- 5a) 


where  E®  and  E^  are  given  by  Eqs.  (2-32)  and  (2-35)  as 


E^,(p^)  =jKV0(z=°-)  I  (na)sln^z 

n=0  n 


»?’( V)  \  ■  e*b 

Jl(V)  Hi2)(l<nb)  -  Hf(V)  Jo(V)  •  aSP£b 

Jt(KnP)  Kn  .  p^a 


E^(p.z)=JKV0(z=0-)  X  enCn(z) 

n=  0 


H0  (KnP)  In  ’  P^b 

Jo(KnP)  H02VKnb>  "  K„P)  Jo(Kn3)'  aSPSb  (4-5c) 
Jo(KnP)  Hn  •  P^3 


with 
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* - *-£- 

2h  ln& 
a 


l4-5d) 


L  =  -i-  =  a /  —  =  376.6  Q  z  120  k  ft 

^  %  V  e0 


(4-5e) 


E  4in-° 

n  \_2,  n£l 


(4-5fl 


C  (z)  =  cos  z 
nV  '  h 


(4-5g) 


"n^V1^7^)  •  Im{Kn>*° 


(4-5h) 


3„  =  Jo(Knb)-Jo(V) 


(4-5i) 


and 


«„“H02Vnb)"H02)(V)- 


(4-5j) 


The  E^(p,z)  in  Eq.  (4-4)  is 


E>-z)  -  P o  Vp,Z)  +  Zo  Erf)(p'z) 


(4-6a) 


where  from  Eq.  (3-11),  we  have 
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(4-6b) 


EJ>Z)  =  — 


y  e  k 

kn  n  n 

KTlo  n=  0 


sin  QS-Z  I 
h  n 


Jo(Kna)  H<12)(V)' 

* 

Jl(KnP)  H02>(Kna)- 


p^a 

pSa 


Ezt)(P'Z) 


=  _£_ 

kn0 


I 


e 

n 


2 

K 

n 


C  (z)I 

nv  '  n 


Jo(Kn3)  H0  W)‘ 
J0(KnP)  H02)(Kna)' 


p^a 

p^a 


(4-6c) 


with 


C  =  - 


ita 

2h 


(4-6d) 


and 


I 

n 


( 

J 

z*0 


^(z)  Cn(z)dz. 


(4-6e) 


4.1.3  MAGNETIC  FIELD  H0  (p.z) 


The  total  magnetic  field  H0  (p.z)  =  $0  H^o(p.z)  in  the  parallel  plate  region  is 


H^o(P-z)  =  H^(p.z)  +  H^(p.z). 


(4-7) 


Relations  for  h“  and  are  given  by  Eqs.  (2-38)  and  (3-13).  respectively.  They  are: 
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H>.z)  =  -KknoVo(z=0-)  I  ^  Cn(z) 

n  =  0* 


Hf’(  V)  \ 

ir 

Jl(V)  Hn 


,  p>b 

V)  Jo(Kna)'  a-PSb 
.  p^a 


(4-8a) 


HJ>*)=JCX  enKn 

n=  0 


Jo(Kna)  H!2)(V)* 

Jl(V)  Hi2)(Kna)* 


p£a 

p5a 


(4-8b) 


4.2  Total  Axial  Electric  Field  Ez(a,z)  on  the  Probe  Surface 

Results  of  the  previous  section  will  be  now  applied  to  evaluate  the  total  axial  electric  field 
on  the  reference  probe  of  the  Infinite  linear  array  of  monopoles  in  the  seml-lnflnlte  parallel 
plate  waveguide.  As  stated  in  Section  4.1.2,  the  total  axial  electric  field  Ez0(p,z)  In  the  Infinite 
parallel  plate  region  due  to  a  single  coaxially- fed  monopole  is 


E0(P.z)  =  e“0(P.z)  +  e£)(p,z) 


(4-9) 


where  E^(p,z)  and  E^(p,z)  are  defined  by  Eqs.  (4-5c)  and  (4-6c).  For  simplicity  of  presentation, 
we  rewrite  these  two  relations  in  the  form 


X  F„(v„) 

n=0 


H  ,  p=a 

n  r 


(4-  10a) 


£X> 

E>*>-  x  f,(V0)  Ho ’(*„»)' 

n=  0 


(4-1  Ob) 
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where  the  functions 


F„  (Vo)  =JKV„(*=0-)  t,  Cn(2  )  J0(«n.) 

f„«,)*)Kvo(2=0~kc„<z>:J,, 

and 

oo 

E>*>*  I  G„<A)  «f(V) 

n=  0 

G  (J  )  =  -C-  e  k2  C  (z)  I  J„(k  a-). 

n'  z>  kf|  n  n  n'  '  n  OVn/ 


(4-10c) 

(4-10d) 

(4-10e) 

(4-1  Of) 


The  relation  for  the  total  tangential  electric  field  on  the  probe  Ez(p,z),  where  p  =  p0  a  =  a  Is 
obtained  with  the  aid  of  Figure  4-3.  The  effect  of  the  conducting  backplane  Is  replaced  by 
Introducing  an  Image  array.  Here,  the  Integer  p  denotes  the  element  number.  The  location  of 
the  p-th  element  with  respect  to  reference  p=0-th  element  Is  defined  by  the  radial  vector 


(4-11) 


Figure  4-3.  Geometry  of  the  Linear  Array  and  its 
Image  for  Evaluation  of  Ez(a.z)  (Top  View) 
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All  array  elements  are  excited  with  aperture  voltages  V0(z=0_)  and  progressive  phase  8x. 
The  total  field  Ez(a,z)  is  obtained  as  a  superposition  of  contributions  from  an  Infinite 
number  of  probe-aperture  combinations  centered  at  pp  and  pp  -  y0  2s  In  an  infinite  parallel 
plate  waveguide.  This  can  be  written  in  the  form 


E2(a.<f.z)  =  Ez0(a.z)+  X'  E*> ( * a“Pp  I  -z)  e"JP#‘  +  S  EzoOa“Pp  +  yo2s  I  ,z)  e~J(p6*+,t)  (4-12) 


P=-c 


where  the  prime  Indicates  that  the  p=0  term  is  excluded  in  the  Infinite  sum.  The  first  term  in 
E4.  (4-12)  represents  a  self  contributions,  i.e.,  the  field  due  to  the  reference  (p=0)  element.  The 
second  term  represents  the  contribution  due  to  the  rest  of  the  elements  in  the  array  while  the 
third  term  represents  the  contribution  due  to  the  image  array.  Note  that  a  typical  field 
contribution  at  P(a,z)  due  to  the  p-th  element  Is  of  the  same  form  as  the  field  due  to  an  Isolated 
(single)  source  given  by  Eqs.  (4-9)  and  (4-10)  except  that:  (1)  in  the  argument  of  the  Hankel 
functions,  p  is  replaced  by  |a  -  pp  |  or  |a  -  pp  +  yo2s  ( ,  and  (2)  Jz(z)  in  Eq.  (4-6e)  is  not  the 
current  of  the  isolated  (single)  source  but  the  probe  current  in  the  array  environment 
(interaction  between  array  elements  Is  taken  into  account). 

Substituting  Eq.  (4-9)  with  E^  and  E^  given  by  Eqs.  (4- 10a),  (4- 10b),  and  (4-10e)  into 
Eq.  (4-12),  we  have 


E,<a*z)  -  X  Fn(V0) 

n=0 


H 


*1  W 

n«0 


X'  H<2)(Knla-ppl)eJp6*+  X  Hr(Kn|a^p  +  y02sl)e 


;JP8,  A  v 


-J(p8_+n) 


n=0 


n»0 


X'  Ho2)(Knla-P p!)eJP8x+  £  Hr(Kn|a-Pp+yo2s!)eJ(P6x"'t) 


p=-c 


(4-13) 
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To  apply  the  boundary  condition  on  the  probe  it  is  necessary  to  represent  the  total 
tangential  electric  field  on  the  probe  surface  with  respect  to  the  reference  element  p=0.  For 
this  reason,  we  use  the  Addition  Theorem  for  cylindrical  functions  to  re-expand  the  fields 
Ezo(  I  a~Pp  I >z)  (  I  a-pp  +  yQ2s  | ,  z) in  Eq.(4- 12)  about  a  cylindrical  axis  centerea  at  the 

reference  element.  The  Addition  Theorem  for  Hankel  functions  is  presented  in  Appendix  D. 
Using  the  notation  of  Figure  4-4,  we  can  write  the  theorem  for  Hankel  functions  in  the  form 


H02)(Kn|a^>pl)=Jo(Kna)  Hi2,(Knlpld)  +  2  I  Jm(Kna)  Hm(KJP|d)  COS  (4'14) 


r(2) 


(2), 


m  =1 


Figure  4-4.  Triangle  Pertaining  to  the  Addition  Theorem 
for  Hankel  Functions  H®  |  a-pp  I  ) 


In  view  of  our  assumption  that  the  reference  probe  s  current  distribution  is  rotationally 
symmetric,  only  terms  with  no  angular  variation  in  Eq.  (4-14),  which  is  the  m=0  term,  need  be 
considered.  Thus, 


(Kn  1  ®  V  )  =  Jo(Kna)  (Kn  1  P  1  d)' 


(4-15) 


Similarly,  one  may  write 


H'2l(K/(pd)!  *<2a)2)  . 


(4- 16. 
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Substitution  of  Eqs.  (4-15)  and  (4-16)  Into  Eq.  (4-13)  yields 


<»•*>-  X„r„(vo)«„ 

n  =  0 


n=0 


2  I  Ho2)  (KnPd)  003  P8* 

P=1 


-H?(2V)-2X,Ho 

P=1 


(2) 


k  d 

n 


cos  p8 


*  ZW?  (v) 

n=0 


+ 


oo 

I 

n=0 


Gn(JJJ0(Kna) 


2 1  HoVnPd)  003  P6x 

L  p=i 


-H 


(2) 


(2V)‘2I 

p=l 


H 


(2) 


^ndV  pZ  +  (^)2)COSpSx 


(4- 17a) 


where  the  Identities 


e-j(PVn)  =  _e'JP6x 


(4- 17b) 


X'  Ho’K’p^K^2^  H|>2,(Ki)pd)cosp8x 

ps—oo  p— 1 


(4- 17c) 


and 
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(4-17d) 


r  «?  k«v  *■♦(*)  '‘)pS”2s  H“  ’t"dVp2+(f) 

=:— oo  V  '  p=  1 


cos  p8 


have  been  used.  Finally,  noting  that  [see  Eqs.  (4- 10c)  and  4-10d)) 


fn(V0)  J0(Kna)  "  FM  3n 


(4- 18a) 


the  total  axial  field  due  to  an  infinite  linear  array  of  raonopoles  on  the  reference  probe  surface 
in  the  semi-infinite  parallel  plate  waveguide  becomes 


E,M:  X.WK*V.W] 


11=0 


xo-wW  (*„»)  *jo(v)s„<y] 


n=0 


(4- 18b) 


where 


S„(8J  -  2  I  H“(«„pd)  cos  pt„- H®  (2KnS) 
P=1 


-2X  » 

P=1 


°l 


k  d 

n 


(4-  18  c) 


The  functions  Fn(V0),  Gn(Jz),  ln,  and  Hn  are  defined  by  Eqs.  (4- 10c),  (4- 100.  (4-5i)  and  (4-5J). 
respectively. 

Note  that  the  first  sum  in  Eq.  (4- 18b)  represents  the  aperture  field  contribution  while  the 
second  sum  represents  the  probe  current  contribution  to  the  total  axial  field  on  the  reference 
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probe  (p=0).  The  first  term  in  the  brackets  represents  the  self  contribution  of  the  p=0  element 
while  the  second  term  in  the  brackets,  which  is  proportional  to  Sn(8x),  represents  the 
contribution  due  to  the  rest  of  the  array  elements  plus  all  the  elements  of  the  image  array. 
Specifically,  Sn(8x)  as  defined  by  Eq.  (4- 18c)  has  three  basic  terms.  The  first  term  represents 
contributions  from  the  Ipl  £  1  array  elements.  The  second  term  represents  the  contribution 
from  the  image  of  the  p=0  element,  while  the  third  term  represents  the  contribution  from  the 
rest  of  the  image  array  elements.  Also  it  is  interesting  to  note  that  the  function  Sn(8x) 
depends  only  on  the  array  lattice  parameters  and  array  phasing  8  x  ,  while  all  other  terms  in 
Eq.  (4- 18b)  depend  on  the  geometry  of  the  coaxial  monopole  element  in  the  parallel  plate 
waveguide. 

From  the  above  discussion,  it  is  evident  that  Eq.  (4- 18b)  for  Ez(a,z)  cam  be  applied  to  the 
following  four  geometrical  configurations  distinguished  solefy  by  the  structure  factors  Sn(8x): 

1.  a  single  monopole  in  an  infinite  parallel  plate  waveguide. 


S„(6J=°- 


(4- 19a) 


2.  a  single  monopole  in  a  semi-infinite  parallel  plate  waveguide. 


S„(SJ*-Ho'(2V); 


(4- 19b) 


3,  an  infinite  linear  array  of  monopole  elements  in  an  infinite  parallel  plate  waveguide. 


S„(Sx)  =  2X 

P=1 


(4- 19c) 


4.  an  infinite  linear  array  of  monopole  elements  in  a  semi-infinite  parallel  plate 
waveguide  for  which  Sn  is  given  by  Eq.  (4- 18c). 
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4.3  Probe  Current,  Jz(z) 


The  unknown  probe  current  density  Jz(z)  in  Eq.  (4- 18b)  will  be  determined  in  terms  of 
V0(z=0-)  from  an  integral  equation  with  the  requirement  that  the  total  axial  electric  field 
Ez(a,z)  vanishes  on  the  probe  surface. 

To  do  that,  we  expand  the  probe  current  density  Jz  into  the  series 

J 

J  (z)=  £  c,  V,(z).  CKz <,1  (4-20ai 

i-i  ‘  1 


where  Cj  are  the  yet-undetermined  expansion  coefficients  and 


¥,(*)  =  sin  (2j-l)  (z-t)].  J=1,2...,J. 


(4-20b) 


The  coefficients  Cj  will  be  determined  from  the  boundary  condition 


E  (a,z)  =  0,  0  <  z  5  1 


(4-2  la; 


in  the  sense 


Ez(a.z)¥,(z)dz  = 


0. 


1=1,2 . I=J. 


(4-21b’ 


The  Ez(a,z)  is  given  by  Eq.  (4- 18b).  For  simplicity  of  presentation  we  rewrite  this  relation  in 
the  form 


Ez(a.z)=jKV0(z  =  0-)  X  [Rn-pn 

n=0 


(4-?^ 
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where 
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(4-24a) 


j 


r  =  y  c 

n  j=i  J  Jn 


where 


c 


J 


Z  ,,2jia 

J  — — - c, 

V0(z=0') 


(4-24b) 


and 


J" 


Vj(z)  cn(z) dz- 


(4-24c) 


The  integral  in  Eq.  (4-24c)  is  evaluated  for  yj(z)  as  given  by  Eq.  (4-20b).  The  result  is 


V 


-2 


(2J-1)X 

_ 21 _ 


(2j-l)A. 


21 


-nM-l) 

X 


-(f) 


J-i 


21  h 


(4-25) 


(2J-1)*  _nX 
21  h 


Finally,  substituting  Eq.  (4-24a)  into  Eq.  (4-22a)  and  subsequently  Eq.  (4-22a)  into  Eq.  (4-2  lb), 
having  in  mind  (4-24c),  we  obtain 


n  =0 


J 

I 

j=i 


r  -  p  y  c'  v 

n  n  J  Jn 


V  =0. 

In 


(4-20 
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This  relation  represents  the  following  system  of  linear  inhomogeneous  equations  for 
determining  the  unknown  monopole  current  expansion  coefficients  c^: 


(4-27a) 


where 


n»0 


P  1,  l, 

n  In  jn 


(4-27b) 


and 


n»0 


in 


(4-27c) 


4.4  Total  Magnetic  Field  in  the  Aperture,  H^(a  5p5b,z  =  0+) 

Once  the  probe  current  Jz(z)  is  known,  the  total  magnetic  field  in  the  aperture 
H^laSpSb,  z  =  0+)  of  the  reference  element  (p  =  0)  is  simply  found  as  a  vector  sum  of  the  fields 
H^)(p,z)  from  each  individual  monopole  and  its  image.  The  simplest  way  to  proceed  is  to  first 
evaluate  the  vector  potential  Az(a  S  p  S  b,  z  =  0+)  which  is  a  scalar  relation  and  hence  much 
simpler  than  the  vector  relation.  Then,  the  total  magnetic  field  is  readily  found  from 
Az(a  £  p  <,  b,  z  =  0+)  using 


H(a:Sp<b,z=0+)  =  H^(a<pSb,z=0+)  =  -L  Vxz0Az(a£p£b.z=0+). 


(4-28) 


The  procedure  follows  that  of  Section  4.2  and  is  illustrated  below.  Using  the  notation  of 
Figure  4-5,  the  vector  potential  Az(a  <  p  <  b,  z)  is 
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Az(aipSb,M  =  A2D{p,z)+  Az0(  I  P-Pp  I  •z)  e'Jp6x 

P=— 


oe 

P  =  -~ 


(4--J) 


IMAGE 

ARRAY 


x 


Figure  4-5.  Geometry  of  Linear  Array  and  its  Image 
for  Evaluation  of  Az(a  S  p<b.  z  =  0+)  (Top  View) 


As  shown  in  Section  4.1.1  the  vector  potential  A0  (p,z)  =  zQ  Az0(p,z)  due  to  a  single  monopole  ir. 
an  infinite  parallel  plate  waveguide  is 


AzO^'Z)  =  AX><P-Z)  +  A^)(P'Z) 


(4-30) 


where  A^(p,z)  and  A^(p,z)  are  given  by  Eqs.  (4-3b)  and  (4-3c),  respectively.  Substituting 
Eqs.  (4-3)  into  Eq.  (4-29),  we  have 
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A  (a£p£b.$,z)  =  _  K^oVo(z=0  ^ 

k<* 


n*°  i 


l'&) 


:n(Z)["j|ln 


'  Jo(KnP)  H02>(Knb)  -  Ho(KnP)  Jo(Kna)l 


n»0 


Vkh 


)1 


C  (z)1 

nv  '■'n 


X' 


pa  —  * 


Jp-Pp1)' 


-Jp*. 


X  + 


I  H<2,( 


!P-Pp  + 


y02s\) 


„-j(pix+  n) 


P*  — * 


-  X  £„C»P)  ';jo(V)H?(V)-  x  t«cjz>  i;j„(«na) 

n»0  n«0 


X'H0B,(«JP-Ppl)e^+  i  H“(Kjp-pp  +  ,029|)e''(P‘x”) 


IP— 


P»* 


(4-31) 


where  relation  (4-22d)  has  been  used.  In  Eq.  (4-31),  I'  Is  given  In  terms  of  known  current 

n 

expansion  coefficients  by  Eq.  (4-24a). 

To  impose  continuity  of  the  total  magnetic  field  in  the  coaxial  aperture  it  Is  essential  to 
represent  the  total  tangential  field  H^(a  <  p  <,  b,  z  =  0+)  with  respect  to  the  reference  element 
p  =  0.  To  that  end,  as  In  Section  4.2,  with  the  aid  of  the  Addition  Theorem  for  Hankel 

functions,  we  re-expand  the  vector  potential  AzQ(  I p— Pp  I  .z)  and  Az0(  I  P~  Pp  +  Y0  2s  I  .z)  In 

Eq.  (4-29)  about  a  cylindrical  axis  centered  at  the  reference  element.  The  assumption  of  a 
rolationally  symmetric  aperture  field  and  use  of  appendix  D  and  Figure  4-6,  lets  us  write 


H?’ (K„ 1  P-Pp 1 )  =  Jo(  V)  Ho\\ 1  P !  a) 


(2)  • 


(4-32a) 


*£’ (*>-<>,  *  V9|)= -W)  H“(v'<Pd,:-|25>7)- 


(4-32b) 
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Substituting  Eq.  (4-32a)  into  Eq.  (4-31),  one  obtains 


Az(a£p£b,z) 


KHqVq(z=0~) 

k^o 


cnW 


-jj  lnp  + J0(Knp)H'2,(Knb)  -Hoe,(Knp)J0(Kna)] 


C„(z)Vo(V) 


[slH^pdJcospS^H'2’ 

p=l 


I  EnCn(Z)  InJo(K„a)Ho’(KnP)  £n  Cn(Z>  1  ^  J0(Kna)  Jo(V) 

n=0  n=0 


2  2  Hr(KnPd)  008  P^x  -  H0]  (2Kn9)  "  2  pI  H?’(KndV  p2  +  (^)2)  COS  p8x 


' 

j  cos  p§x 

> 

where  Eqs.  (4-17b)  to  (4-17d)  have  been  used.  This  relation  can  be  re-written  in  the  form 


Az(a<pSb,z)  =  - 


KHqVq(z=0-) 

k^o 


Cr>(Z) 


•j  3  lnp  +  J0CcnP)H?(Knb)-H0w(K|iPMn,VI+  1„Jo(KnP)  S„(6x)l 


,(2) 


(4-33) 
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- 1  e„ c„<z>  ';%')[«r(v)(Ws.(«Jl 


n»0 


(4-34) 


Figure  4-6.  Triangle  Pertaining  to  Addition  Theorem 
for  Hankel  Functions  H®(xnlp-pp|) 


where  the  structure  factor.  Sn(8x)  is  defined  in  Eq.  (4-18c).  It  should  be  mentioned  that,  as  in 
Section  4.2,  the  first  sum  in  Eq.  (4-34)  represents  the  aperture  field  contribution  while  the 
second  sum  represents  the  probe  contribution  to  the  total  vector  potential  in  the  parallel  plate 
region  a  S  p  S  b.  The  first  three  terms  in  the  first  bracket  and  the  first  term  in  the  second 
bracket  represent  the  self-contribution  due  to  the  element  (p  =  0),  while  the  forth  term  in  the 
first  bracket  and  the  second  term  in  the  second  bracket,  which  are  proportional  to  Sn(8x), 
represent  contributions  due  to  the  rest  of  the  array  elements  ( I  p  I  >  1)  and  all  elements  of  the 
image  array.  Thus,  Eq.  (4-34)  also  applies  to  four  geometrical  configurations  specified  by 
Sn(8x)  in  Eqs.  (4- 18c)  and  (4- 19a)  to  (4- 19c). 

The  expression  for  (a  <,  p  <  b,  z  =  0+)  can  be  now  obtained  from  Eq.  (4-28),  which  since 
8/5<t>  =  0  may  be  written  as 


lyaSpSb,  z=0+) 


j  r)Az(a<p<b.z=0) 

Mo 


(4-35) 
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Substitution  of  Eq.  (4-34)  Into  Eq.  (4-35)  yields  the  desired  expression  for  the  total  magnetic 
field  in  the  aperture  (a  5  p  S  b,  z  =  0+)' 


4.5  Active  Admittance,  Ya(5x) 

The  active  Input  admittance  Ya(8x)  Is  the  admittance  that  each  element  sees  when  all  array 
elements  are  excited  with  the  forced  aperture  voltage  Vo  (z  =  0-)  and  progressive  phase  factor 
exp(-jp8x)  as  shown  schematically  In  Figure  4-7.  As  already  mentioned,  8X  =  kx0  sin  <>0  Is  the 

/s 

inter-element  phase  Increment,  <j»o  Is  the  scan  angle  off  broadside,  p  =  0,  ±  1,  +  2,  ...  is  the  serial 
element  number  where  p  =  0  denotes  the  reference  element. 


d 


•  •  • 


-  wave 

propagation  direction 


V0ei28x  V0ei5x  V0 


V0e'j5x  V0e‘)25x 


Figure  4-7.  Active  Infinite  Linear  Array  Pertaining  to 
Uniform-Amplitude,  Linear-Phase  Progression  Excitation 


The  analysis  Is  based  on  the  continuity  condition  for  the  total  magnetic  field  In  the 
aperture  which  will  lead  to  an  expression  for  Ya(8x)  in  terms  of  the  total  magnetic  field  in  the 
aperture  H^laSpib,  z  =  0+).  Utilizing  results  from  the  previous  section  for  H$  (?  <,  p  <  b, 
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z  =  0+),  we  obtained  the  desired  expression  for  the  active  Input  admittance  Ya(5x)  as  a  function 
of  array  geometry  and  Inter-element  phasing  8X,  that  Is,  scan  angle  <|i0.  The  procedure  Is 
Illustrated  below. 

For  the  TEM  mode  approximation,  the  field  In  the  aperture  of  the  feed  coaxial 
transmission  line  can  be  written  in  the  form 


E(p,  z=0  )  =  VQ(z=0  )  eQ(p)  (4- 36a) 

h(P,  z=0_)  =  l0(z=0')  hQ(p)  (4-36b) 


where  the  transverse  vector  mode  functions  are 


eo  =  Pq 


1 

pin  k- 
r  a 


(4-36c) 


h 


o 


(4-36d) 


Modal  voltage  and  current  amplitudes  V0  and  Iq  satisfy  the  transmission-line  equations 


dv0(z) 

dz 


=  -JkZcIo(Z) 


(4-37a) 


dIo<z) 

dz 


=  -JkYV0(z) 


(4-37b) 


where  the  characteristic  impedance  of  the  coaxial  transmission- line  Zc  is 


Z 

c 


_L  =  JL  infe 


Y  2n  a 

c 


(4-37c) 


with 
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(4-37d) 


To  determine  the  active  admittance  Ya(8x),  defined  as 

v0U=o  ) 


continuity  of  the  magnetic  field  in  the  aperture  is  imposed,  that  is, 
H(p,z=0+)  =h(p,z=0  ).  a  <  p  <;  b. 


Consequently,  one  may  use  Eq.  (4-36b),  to  write 
H(a  <  p  <  b,  z=0+)  =  IQ(z=0")  h0(p) 


(4-38a) 


(4 -38b) 


(4-39a) 


or 


H(a  SpSb,  z=0+)  .ho(p)=Io(z=0")  lh0(p)|2 


(4 -39b) 


where  h0  is  given  by  Eq.  (4-36d).  Since  H  above  Is  entirely  ^-directed  [H(a  5  p  <b,  z  =  0+)  = 

(a  <  p  <  b,  z  =  0+)l  (see  Eqs.  (4-28)  and  (4-35)],  integration  of  Eq.  (4-39b)  over  the  coaxial 

aperture  domain  with  dS  =  p  dp  d<}>,  yields 


Ob  pzn  m  d 

H<(,  <  p  <  b.,.o*)JL  dS  =  I0(z.o-)  -h  ds 

j=a  ^  J*= o  Jp=a  4n  p 


2it  »b 


(4-40a) 
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from  which, 


fb  /  IA(z=0  )  K 

I  H  (a  £  p  £  b,z=0  )  dp  =  -2 - In  k, 

I  ’  v  2n  a 

J  pm* 


(4-40b) 


Thus,  the  input  active  admittance  can  be  written  as 


v,(s„)  - 


_  2« 

Vo(z=0")  V0(z=0")  In  b 


a  <i  p  £  b,  z=0+)  dp. 


(4-41) 


In  view  of  Eq.  (4-35),  the  integral  in  Eq.  (4-41)  can  be  expressed  in  terms  of  the  total  vector 
potential  in  the  aperture  as 


f 

vp«a 


(a  S  p  ^  b,z=0+)  dp  =  -  -L  Az  (a  S  p  5  b,z=0+)  | 

HO 


b 

pa  a 


(4-42) 


Consequently,  substituting  Aj.  in  Eq.  (4-34)  into  Eq.  (4-42),  we  have 


<,  p  <,  b,z=0+)  dp  = 


KV0(z=Q~) 

k^o 


lnb  +  1  H^2) ( k  b)  -  H  J„(k  a)+l*S  (8) 

a  -'ll  0  V  n  /  n  0V  n  /  -  n  n\  */ 


-Y  c  r  Jn(K  a)  [m  +1  S  (5  )] 

"  n  n  O'  n  /  !  n  n  n'  x'J 
n=0 


(4-43) 
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where  the  functions  Jn  and  Hn  are  defined  In  Eq.  (4-51)  and  (4-5j),  respectively.  Finally, 
substituting  Eq.  (4-43)  Into  (4-41),  the  active  Input  admittance  of  a  coaxially-fed  monopole  In 
an  Infinite  linear  array  radiating  into  a  semi-infinite  parallel  plate  region  is 


Ya(8J  = 


4Z  k  lnb. 
0  X  a 


I 

n=0 


1-(^Y 

Vkh/ 


-J—  Ink  +  1  H<2)(k  b)-«  Jn(K  a)  +  "C  S  (b  ) 

J1Z  a  'n  0  V  n  /  n  OV  n  /  ■'n  »V  x/ 


-T  e  I'  Jn(K  a)  [« .  +  1  S  (8  )]  ^ 

n  nOVn/Ln  'n  nV  x/J 


(4-44) 


All  terms  in  Eq.  (4-44)  have  been  already  defined,  but  for  convenience  we  list  them  below: 
k:  free-space  wave  number,  k=2 n/\ 

X:  free-space  wavelength  (4-45a) 

a:  probe  radius  and  inner  radius  of  coaxial  transmission  line;  a  «  X 
b:  outer  radius  of  coaxial  transmission  line;  b  «  X 
1:  probe  length 
d:  inter-element  spacing 

s:  distance  between  probe  and  conducting  "back-plane ";  s  —  X/4 

h:  height  of  a  parallel  plate  waveguide  (h  <  X/2  so  that  only  TEM  mode  propagates) 

Z0:  characteristic  impedance  of  the  free-space  coaxial  transmission  line 


=  ’o  in  b  „  go  In  b 
2n  a  -  a 


(4-45b) 


Co  ■  free-space  intrinsic  impedance 


=  376.7  Q  ~  120  n  Q 


(4  *r- 
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Cn.-  (Newmann's  number)  an  integer  defined  by 


e 

n 


n=0 

nil 


Kn:  propagation  constants  of  radial  modes  in  parallel  plate  region 

Kn  =  kV1_(S)2>  Im{Kn>^° 


Jo(Kna):  Bessel  function  of  the  first  kind,  zero-th  order  and  argument  K^a 
Jo(Knb):  Bessel  function  of  the  first  kind,  zero-th  order  and  argument  Knb 
Ho(2,(Kna):  Hankel  function  of  the  second  kind,  order  zero  and  of  argument  Kna 
Ho(2,(Knb):  Hankel  function  of  the  second  kind,  order  zero  and  of  argument  Knb 
]n:  function  defined  as 


\  =  Jo(Knb)  ~  Jo(Kna) 


Hn:  function  defined  as 


K„-HoaV„b)-Hi2>(’‘na) 


I':  function  defined  as 

n 


In=j?i Cj  ljn 


J=I:  total  number  of  terms  in  probe  current  expansion  series 
ljn:  function  defined  as 


(4-45d) 


(4-45e) 


(4-451) 


(4-45g) 


(4-45h) 
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v= 


-2 


(2J-1)X 

21 


(2J-1)X 


21 


'-(tt) 


J-i 


’  21  h 


(2J-1)^  _  nX. 
'  21  h 


(4-451) 


c current  expansion  coefficients  determined  from  system  of  equations 


tA  c'  =  B,t  l.j  =  1.2 . I=J 

1=1 


(4-45J) 


A,.:  matrix  coefficient  defined  by 
U 


AU  = 


Y  e 

*->  n 

n=0 


l_/'ns.'\ 
\kh  / 


JoOV>)  [Hf  (K„a)  ♦  J0(Kna)  sn(8j] lln^„ 


(4-45k) 


B(:  vector  coefficients  defined  by 


B,=  Y  t  JJk  a)  [h  +1  S  (6  1,  . 

1  ^  nOVn/Ln  "nn\  x/J  In 


n=0 


(4-450 


When  high  accuracy  for  Ya(6x)  Is  not  required.  It  Is  sufficient  to  consider  a  single  current 
term  in  Eq.  (4-45h).  In  tills  special  case,  1  =  J  =  1  and  consequently 


I'  = 

n 


c 

1  In 


03 


where 


(4- 46b) 


and 


(4-46c) 


with 


AU  =  I  en 
n>0 


WtvO  +Jo(‘„a 


)s„&)K» 


(4-46d) 


b,=i  '.■'.(v)K*),s„(y]' 


n«0 


In 


(4-46e) 


Based  on  analysis  and  discussions  in  Sections  4.2  and  4.4,  it  Is  evident  that  Eq.  (4-44)  can 
be  directly  applied  to  the  following  four  geometrical  configurations  specified  solely  by 
structure  factor  Sn($x): 

1.  a  single  monopole  in  an  infinite  parallel  plate  waveguide 


(4-47a) 


2.  a  single  monopole  in  a  semi-infinite  parallel  plate  waveguide 
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(4-47b) 


*»(*,)  ~*C<aV): 


3.  an  Infinite  linear  array  of  monopole  elements  In  an  infinite  parallel  plate  waveguide 


S„(SJ  =!X  H»(,npd,  ™,p6x 

p=l 


(4-47c) 


4.  an  infinite  linear  array  of  monopole  elements  In  a  semi-infinite  parallel  plate 
waveguide 


oo  oe  ,  j- — — 

S„(SJ  -  »  Z  h® (<„pi)  <»  p8x -  Ho '(= %9)  - 2 J  V  )  J  “8  l4’47dl 


p:  Integer,  denotes  element  number 

8x  :  phase  Increment  between  two  neighboring  elements. 


and  H 


The  rate  of  convergence  of  X  Is  predominantly  determined  by  the  behavior  of  H®  (k  pd) 

The  slow  convergence  of 


12) 


2^ 


for  large  p,  which  Is  proportional  to  _1_. 

Vp 


this  series  with  respect  to  the  Index  p  was  accelerated  as  described  In  Appendix  E. 

Note  that  Eq.  (4-44)  can  be  also  applied  to  above  mentioned  four  geometries  with  coaxially- 
fed  annular  aperture  elements  simply  by  setting  1^=0,  since  In  this  case  probe  length  l  =  0. 

With  the  probe  admittance,  Ya(8J  defined,  we  can  now  evaluate  the  active  reflection 
coefficient  of  the  array,  T  (8J,  as  well  as  the  scattering  coefficients  between  array  elements. 
The  final  two  sections  of  this  chapter  show  how  those  quantities  are  derived. 


4.6  Active  Reflection  Coefficient,  ra(8x) 

To  Improve  the  radiation  efficiency  It  is  necessary  to  match  the  array  element  to  the  TEM 
coaxial  feed-line.  The  active  reflection  coefficient  referenced  to  the  coaxial  aperture  plane  is 
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|4-48a) 


r.(8x)  - 


VY,(8J 

Yc»Y.(8J 


where  Ya(8J  is  given  by  Eq.  (4-44)  and  Yc  is  the  characteristic  admittance  of  the  coaxial  feed 
line 


Y 

c 


(4-48b) 


As  will  be  shown,  one  can  determine  the  probe  length  !<.  and  spacing  sc  so  that  Ta  =  0  at  a  given 
frequency  and  a  particular  phasing. 

In  the  single  aperture  mode  approximation,  the  aperture  field  is  described  by  a  single 
parameter  -  the  total  coaxial  TEM  mode  voltage  V0  given  by 


V0  =  [1  +  r.(8J]V,„c 


(4-49) 


where  Vtac  is  the  incident  TEM  mode  voltage  in  the  aperture. 


4.7  Coupling  (Scattering)  Coefficients,  S? 

The  coupling  coefficient  between  two  monopole  elements  of  the  infinite  linear  array  in  a 
parallel  plate  waveguide,  for  example,  between  the  reference  element  p  =  0  and  p  -  th  element 
is  defined  as 


S°p»SP 


(4-50) 


where  v°nc  is  the  modal  voltage  of  the  incident  TEM  mode  in  the  coaxial-feed  line  (p  =  0)  and 
is  received  TEM  mode  voltage  in  the  coaxial  transmission  line  of  the  receiving  (p  -  th) 
element.  All  monopole  elements  except  the  excited  one  (p  =  0)  are  match-terminated  as  is 
shown  schematically  in  Figure  4-8. 
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Figure  4-8.  Infinite  Linear  Array  Pertaining  to  the  Definition 
of  Coupling  (Scattering)  Coefficients 


The  coupling  (scattering)  coefficients  Sp  may  be  related  to  the  active  reflection  coefficients, 
defined  in  the  previous  section,  with  the  usual  relation 


r.0‘,o)»  I  SpeJk^ 


(4-51a) 


p=~' 


which  Uiion  Fourier  inversion  yields 


s  '  r.(k.o)  «")k«pV 

J-n/d 


xO 


(4-51b’> 


Since  ra(kx0)  Is  an  even  function  of  kxo,  we  write 


A  CK/6 

SP'»  r.(k.0)C»S(kxoPd) 

Jo 


(4-52) 
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5.  FAR  FIELD  PATTERN  OF  THE  SINGLE  MONOPOLE  IN  AN  INFINITE  AND  SEMI- 
INFINITE  PARALLEL  PLATE  REGION 


In  this  chapter  we  shall  evaluate  far-zone  field  E^y^due  to  a  single  monopole  radiating 
Into  an  infinite  and  semi-infinite  parallel  plate  region.  Throughout  this  and  the  following 
chapter  it  Is  assumed  that  h  <  A./2,  which  is  adequate  for  most  practical  applications.  In  this 
case  only  the  TEM  mode  propagates  In  the  parallel  plate  region. 


5.1  Far  Field  ^(p.^)  Represented  in  Terms  of  Radial  Modes 


The  simple  analysis  is  based  on  expressions  derived  In  the  previous  two  chapters  for  the 
electric  field  and  reflection  coefficient  of  a  single  monopole  In  an  Infinite  and  seml-lnflnlte 
parallel  plate  region. 

We  begin  with  the  expression  for  electric  field  due  to  a  single  monopole  defined  In  Section 
4.1.2  as  [see  also  Eq.  (4-9)] 


Ezo(P)  =  E>>)  +  E!>> 


(5-1) 


where  E*  and  E*L  are  defined  by  Eqs.  (4-5c)  and  (4-6c),  respectively.  Since  h  <  A./2,  only  the 
n=0  terms  In  the  respective  sums  contribute  to  the  far  field.  Therefore.  In  this  case,  one  has 


(P)  -  JKV0 (z = O')  3q  H® (kp).  kp»l  (5- 2a) 

E^(P)z-JKV0(z=0")  i;J0(ka)H^(kp).  kp»l  (5-2b) 


and  consequently, 


E^Wr  JKV0(z=0')[l0-  1  0J0(ka)J  H®(kp).  kp»l. 


(5-2c) 


In  Eq.  (5-2),  from  Eqs.  (4-5d)  and  (4-45f)  to  (4-451)  we  have 
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Jt 


(5- 3a) 


K  =  - 

2h  In  b- 
a 


Jo.J0(kb)-J0(ka) 


(5- 3b) 


and 


j=i 


CJTJ0 


(5-3c) 


where  lj0  is  given  by  Eq.  (4-45i)  with  n  =  0  and  where  the  probe  current  expansion  coefficients 
c '  are  computed  from  the  system  of  equations  (4-45J)  with  S^S*)  =  0  as  given  by  Eq.  (4-47a). 
Furthermore,  V0(z  =  0_)  is  the  total  voltage  in  the  coaxial  aperture  cooresponding  to  the  single 
TEM  mode  aperture  field. 

After  the  propagating  TEM  mode  (n  =  0),  the  next  higher  non-propagating  mode  in  the 
parallel  plate  region  is  TMi  (defined  with  respect  to  the  radial  direction)  represented  by  the 
n  =  1  term  in  Eqs.  (4-5c)  and  (4-6c).  As  one  can  see  from  these  two  relations,  the  radial 
dependence  of  this  mode  is  determined  by  the  zero  order  Modified  Bessel  function 

KQ(k  p  V (X/2h)2  -  1  ).  The  function  KQ(x)  tends  to  zero  as  x  ->  «>.  The  first  order  asymptotic 
expression  for  large  argument  is 


The  (fast)  expoential  decay  of  K0  (x)  vs  x  justifies  the  single  TEM  mode  far-zone  field 
approximation  in  Eq.  (5-2). 

Next  we  write  the  expression  for  the  far  field  Ez0(p,<>)  due  to  a  single  monopole  in  a  semi- 
infinite  parallel  plate  waveguide.  This  relation  can  be  easily  obtained  from  Eq.  (5-1)  by 
superimposing  to  it  its  image  contribution,  that  is, 


E^M)  r  JKV0(z  =  0\)[l0-  I  ^J0(ka)][H(02,(kp)  -  H®  (k  i  p  +  yo2s  I )].  {b-b, 
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Here,  as  seen  from  Figure  5- 1  in  the  far  zone 


I  p  +  yQ2s  I  s  p  +  2s  cos  0 


(5-6) 


where  <)>  is  measured  from  the  y-axis,  that  is,  <|>  =  ji/2  -  <J>.  Equations  (5-3)  and  (4-451)  apply  here 
as  well.  The  current  expansion  coefficients  cj  are  also  computed  from  the  system  of  equations 
(4-45J)  where  now  S  n  (8*)  is  given  by  Eq.  (4-47b)  as 


s„(6„)=- 


Ovt- 


(5-7) 


Figure  5-1.  Coaxially-fed  Monopole  and  Its  Image  in  an  Infinite 
Parallel  Plate  Region 


For  convenience  we  cast  Eqs.  (5-2c)  and  (5-5)  into  a  uniform  relation 
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E>.0)  =JKV0(z=0')[30-  I'  J0(ka)]  [H<2)(kp)  -  UH<2) (k I p  +  y02s|)] 


(5-8a) 


where  U  is  the  unit  step  function  defined  as 


U  = 


monopole  in  an  infinite  parallel  plate  region 
monopole  in  a  semi-infinite  parallel  plate  region 


(5-8b) 


As  already  mentioned  1^  in  Eq.  (5-8a)  is  given  by  Eq.  (5-3c)  in  terms  of  Ip  and  c  ' .  The  Ip  is 
defined  by  Eq.  (4.45i)  while  the  cj  are  determined  from  Eq.  (4-45j)  with  Sn  as  given  by 
Eq.  (4-47a)  for  a  single  monopole  in  an  infinite  parallel  plate  region  and  by  Eq.  (4-47b)  for  a 
single  monopole  in  a  semi-infinite  parallel  plate  region. 

(2) 

When  x  is  large,  the  asymptotic  approximation  for  the  Hankel  function  of  order  zero  HQ  (x) 
is 


(5-9) 


Consequently. 


Hjf(kp)  -  UH®(kp  +  2ks  cos  <£) 


--1 


xkp 


l-U 


1  +2ks  cog  ^ 
kp 


-J2ks  cos  $ 


(5-10) 


For  2ks  «  kp  we  may  use 


— i - 1  -  £  x«l 

Vl+x  2 


(5-1  la) 
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and  then 


H®(kp)  -  UH®  (kp+2ks  cos  <()) 


-Jka  coo  $ 


21  sin  (k  s  cos  $)  +  — -  cos  $  e^*“  008  * 

kp 


U  =  0 
U  =  1  . 


(5- lib) 


For  all  practical  applications  s  ~  X/4  and  since  kp  »  1  In  Eq.  (5-1  lb)  ks/kp  ~  0. 

Substituting  Eq.  (5- lib)  Into  E a.  (5-8a),  we  get  the  far  field  due  to  a  single  monopole  In  an 
Infinite  (U=0)  or  semi-infinite  (U=l)  parallel  plate  region  as 


=>•♦>  =JK  Vo(-0_)t3c  -  W“»] 

i :  u  =  o 

/s 

2J  sin  (ks  cos  <j>)  e^1*8  008  U  =  1  . 


(5-12) 


The  V0  (z  *  0-)  In  Eq.  (5-12)  can  be  expressed  In  terms  of  the  modal  voltage  of  the  single 
TEM  mode  In  the  feed  coaxial  transmission  line  V^c  and  the  reflection  coefficient  as 


v0G-o-).vJit„(2.o-)]. 


(5-13) 


As  defined  In  Section  4.6,  the  reflection  coefficient  is 


r 

a 


z  -z 

a  c 

z  +z 

a  c 


(5- 14a) 


where  Za  =  1/Y,  and  Zc  is  the  characteristic  Impedance  of  the  coaxial  feed  line 
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(5- 14b) 


with 


Zo~ 


jq 
2  n 


(5- 14c) 


The  Input  Impedance  Za(z  =  CT)  Is  determined  from  Eq.  (4-44)  with  Sn  given  by  Eqs.  (4-47a)  and 
(4-47b)  for  a  monopole  in  an  infinite  and  a  semi-infinite  parallel  plate  waveguide  region, 
respectively. 


0.2  Single  Monopole  Gain  Pattern,  g^ 


The  normalized  gain  pattern  is 


P(p,») 

p0(P) 


(5- 15a) 


where  p(p.<!>)  and  PQ(p)  are  the  power  densities  at  p  due  to  a  monopole  (In  an  Infinite  or  a  semi¬ 
infinite  parallel  plate  region)  and  an  Isotropic  source,  respectively  defined  as 


(5- 16a) 


and 


Po(P)  = 


P 


Inc 


2rcph 


(5- 16b) 


In  Eq.  (5- 16b),  the  incident  power  is 


P 

Inc 


(5-17) 


Consequently  Eq.  (5- 15a)  becomes 
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(5-18) 


rs  Ie  (p,?)|  |E  (p.?)|  Z 

G  _V4> )  =  — — - —  -  ■— - - - 5-  2?rph. 

*  p  Iv  I2  C. 


p 

r  Inc 
0  2xph 


Inc 


Substituting  Eq.  (5-3a)  into  Eq.  (5-12)  and  then  (5-12)  Into  (5-18)  we  obtain  an  explicit 
relation  for  the  gain  pattern,  that  is. 


1  ; 


U=0 


4  sin2  (ks  cos  <(>):  U=1 


(5-19) 


Defining  the  complex  field  pattern  by 

1  ;  U=0 

/  (5-20a) 

2j  sin  (ks  cos  <(>)  e  J  ,  U=  1 


‘2©  ■  VF a/|  k  (ltr*)  [v J»<ka>] 


normalized  so  that 


(5- 20b) 


Now  Eq.  (5-12)  can  be  expressed  in  the  form 


e  (p_4>)  =  — 1—  y\[  —lag.  —  —  g(e)  ($) 

y  V2F  y  Z„  ViT  Vp  820 


(5-21) 


Note  that  the  field  of  a  monopole  in  an  infinite  parallel  plate  region  is  independent  of  the 
observation  angle  <j>.  The  phase  center  of  the  field  is  at  the  axis  of  the  element  (x  =  0,  y  =  0). 
For  a  monopole  in  a  semi-infinite  parallel  plate  region  however,  the  phase  of  the  far  field  vs 
observation  angle  $  is  constant  with  respect  to  the  point  (x  =  0,  y  =  -  s).  Thus  in  this  case  the 
radiation  pattern  phase  center  is  on  the  conducting  plane  behind  the  monopole. 

In  Appendix  H  we  show  that  Ez0(p. p)  as  given  by  Eq.  (5-21)  satisfies  the  conservation  of 
power  condition 


p,„.(1-|rJ2)“p, 


(5-22a) 
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where 


P 

tnc 


(5- 22b) 


is  the  TEM  mode  Incident  power  in  the  feed  coaxial  transmission  line  with  characteristic 
impedance  Zc.  The  input  reflection  coefficient  Ta  is  given  by  Eq.  (5- 14a)  in  terms  of  the  input 
Impedance,  which  can  be  computed  from  Eq.  (4-44)  with  Sn  given  by  Eq.  (4-47a)  for  a  single 
monopole  in  an  infinite  parallel  plate  waveguide  and  by  Eq.  (4-47b)  for  a  single  monopole  in  a 
semi-infinite  parallel  plate  waveguide.  Furthermore,  in  Eq.  (5-22a)  Pt  represents  far  field 
radiated  power  defined  as 


P{  =  2jtph  Re  P(p)  =  2rcph 


(5-23a) 


for  U=0,  and 


nh  mTX, 

E0M)  X  H*(p.V)  p  d4>  dz  =  tL  Re  Ie^Cp.*)!2  p  d<J> 
)  ’o  Jo 


(5-23b) 


for  U=l. 
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6.  FAR-FIELD  ELEMENT  PATTERN  OF  AN  INFINITE  ARRAY  RADIATING  INTO  AN 
INFINITE  AND  A  SEMI-INFINITE  PARALLEL  PLATE  REGION 


In  this  chapter  we  derive  expressions  for  the  far  field  E^e\p)  due  to  a  singly  excited 
monopole  element  In  a  Infinite  match-terminated  linear  array  environment  radiating  Into  an 
Infinite  and  a  seml-lnfinite  parallel  plate  region  as  schematically  Illustrated  in  Figure  6-1. 

As  already  mentioned  In  the  previous  chapter,  the  distance  between  the  parallel  plates  h  is 
less  than  A./2  so  that  only  the  TEM  mode  propagates. 

The  analysis  is  based  on  the  relation 

-n/d  ^ 

Eie)(P)=^  Ez(P)  ^xo  (6-D 

J-n/d 


where  E  (p)  is  the  total  far-field  of  the  active  array  (sill  elements  are  excited  with  uniform 
amplitude  VQ  (z  =  O')  and  linear  phase  progression  8x  =  k^d  =  kd  sin  <pQ)  at  an  observation 
point  P=x0x  +  yoy- 

Note  that  E  (p)  as  defined  In  Chapter  4  and  E(x,y)  in  this  chapter  denote  the  same  active 
array  field  in  the  parallel  plate  region.  The  E  represents  the  active  array  field  In  terms  of 
cylindrical  radial  modes  while  the  E  represents  the  active  array  field  In  terms  of  Floquet 
modes  In  the  unit  cell.  Thus,  E  (p,4>)  =  E  (x,y)  where  (p,<t>)  and  (x,y)  refer  to  the  same 

^  Z 

observation  point. 

The  analysis  uses  three  basic  steps: 

(1)  Obtain  the  far-field  Ez(p)  by  superimposing  fields  E^tp)  from  each  individual 
monopole,  and,  In  a  semi-infinite  parallel  plate  region,  Its  image. 

(2)  To  facilitate  integration  of  Eq.  (6-1),  using  Poisson's  sum  formula,  we  re-express  E z  (p.<p) 
in  terms  of  Hoquet  modes  in  the  unit  cell.  By  this  means  we  obtain  an  expression  for  Ez(x,y). 

(3)  Evaluate  the  integral  in  Eq.  (6-1)  by  the  method  of  stationary  phase. 

We  shall,  of  course,  expand  on  this  outline  and  shall  analyze  each  of  the  steps  in  great 
detai’. 
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$=f-(0 


Figure  6-1.  Infinite  linear  Array  Pertaining 
to  Single  Element  Excitation 


6.1  Far  Field  of  the  Active  Array  Ez(p,<Ji)  Represented  in  Terms  of  Radial  Modes 

For  the  active  array  excitation,  that  is,  when  all  elements  are  excited  with  uniform 
amplitude  V0  (z  =  0-)  and  linear  phase  progression  8X  the  total  far  field  E(p,<|))  =  z0  Ez(p,<|>)  can 
be  expressed  as  a  superposition  of  contributions  from  an  infinite  number  of  single  monopoles 
located  at  pp  =  x0  pd  and  in  a  semi-infinite  parallel  plate  region  their  images  located  at 
Pp  -  y0  2s  in  a  parallel  plate  waveguide  as  shown  in  Figure  6-2. 

Thus,  for  kp  »  1,  one  may  write 


zO 


(ip-Pp!) 


IT 

e  +  U 


I  ^(Ip-Pp  +  yo2®!)6 


-J(p«x+n) 


(6-2a 


where  as  stated  in  Chapter  5,  U  is  the  unit  step  function  defined  as 
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{0;  for  an  array  in  an  infinite  parallel  plate  region 
1:  for  an  array  in  a  semi-infinite  parallel  plate  region 


(6-2b) 


and  the  electric  far  field  due  to  a  single  monopole  as  defined  in  Section  4. 1 .2  is 


E^P)  =  E>)  +  E>> 


(6-2c) 


The  and  are  defined  by  Eqs.  (4-5c)  and  (4-6c),  respectively.  Since  h  <  X/2,  only  the  n=0 
terms  in  the  respective  sums  contribute  to  the  far  field.  Therefore,  in  this  case 


E^,(p)  ~  JKVq(z=o  )  30  H<2)(kp).  kp»l  (6- 3a) 

E^(p)~-jKV0(z=0")  rjQ(ka)  H<2)(kp).  kp»l  (6-3b) 


where  as  indicated  we  used  Kq  =  k.  In  Eq.  (6-3),  K,  ]0  and  I  o  are  given  by  Eq.  (5-3)  where  the 
probe  current  expansion  coefficients  c'  are  computed  from  the  system  of  Eqs.  (4-45J)  with  Sn(8x) 
as  given  by  Eq.  (4-47c)  for  an  array  in  an  infinite  parallel  plate  region  and  by  Eq.  (4-47d)  for 
an  array  in  a  semi-infinite  parallel  plate  waveguide.  This  implies  that  the  probe  current  in 
Eq.  (6-3b)  is  not  that  of  a  single  monopole  in  an  infinite  or  semi-infinite  parallel  plate 
waveguide  as  in  the  previous  chapter  but  instead,  the  current  on  the  probe  in  the  active  array 
environment. 

Upon  inserting  Eqs.  (6-3)  into  Eq.  (6-2c),  and  then  Eq.  (6-2c)  into  Eq.  (6-2a)  using 
Eq.  (4- 17b),  we  obtain 


Ez(p.<t>)~jKV0(z=Cf)  [j0-  ‘o  Jo(ka)] 


I 

Lp=— 


H;2,(k!e-Pj)'"  '-u  I  h;>|p 


-JpS 


W/ 


P=" 


■Pp  +  Vsl 


(6-4) 
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ARRAY 

IMAGE 

ARRAY 


Figure  6-2.  Geometry  of  the  Linear  Array  and  Its  Image  for 
Evaluation  of  Ez(p,<(>)  (Top  View)  (U=l  case  shown) 


6.2  Far  Field  of  the  Active  Array  Ez(x,y)  Represented  in  Terms  of  Floquet  Modes  in  a 
Unit  Cell 


In  the  last  section  we  determined  the  active  array  field  In  terms  of  an  infinite  sum  over  all 
(real  and  Image)  array  elements.  We  observe,  however,  that  Eq.  (6-4)  Is  not  directly  applicable 
In  Eq.  (6-1)  because  the  relevant  Integral  cannot  be  evaluated  In  a  closed  form. 

To  avoid  this  difficulty  we  re-express  Eq.  (6-4)  In  terms  of  Floquet  modes  of  a  rectangular 
unit  cell  guide  with  conducting  top  and  bottom  walls,  and  phase-shift  side  walls.  A  typical 


Figure  6-3.  Unit  Cell  Geometry’  of  an  Infinite  Linear  Array  of  Coaxially  fed 
Monopoles  In  a  Semi-Infinite  Parallel  Plate  Waveguide 
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rectangular  unit  cell,  of  width  d  and  height  h,  for  an  array  In  a  semi-infinite  parallel  plate 
waveguide  is  illustrated  in  Figure  6-3.  The  desired  representation  is  accomplished  with  the 
aid  of  the  well  know  Poisson  sum  formula8  : 


£  f(2np)  =  -L  £  F(m) 


(6- 5a) 


where 


F(m)  = 


f(x)  e~Jmx  dr 


(6-5b) 


and 


x  =  2np. 


(6-5c) 


The  analytical  procedure  Is  described  below 
Referring  to  Eq.  (6-4),  we  first  consider  the  sum 


£  H'„2’(k|p-ppl)e-,pt" 


where,  as  can  be  seen  In  Figure  6-2, 


P-Ppl  =  /(x^pd^+y2 


,  p=0,  + 1.  ... 


(6-6b) 


8  Papoulls,  A.  (1977)  Signal  Analysis,  McGraw-Hill,  New  York. 
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In  view  of  Eq.  (6-5a)  we  now  set 


f(2rtp)  =  H(02)  (kV (x-pd)2  +  y2)  e  Jp8* 


(6- 7a) 


in  Eq.  (6-5b),  which,  since  p  =  x/2n,  then  becomes 


F(m)  = 


(6-7b) 


To  evaluate  Eq.  (6-7b),  we  define  a  new  Integration  variable 


x  - 


_d_ 

2ft 


t 


=  -X 


(6-8a) 


from  which  we  get 


T  =  (x  +  X) 


(6-8b' 


and 


dx  =2jLdX. 
d 


(6-8c) 


We  now  write 


F(m)  =  2s  e 
d 


-iM) 

*  2  it  > 


2rt , 


2n'  d 


I 


2n 


HiWx^  V'  5 


k 


2n  ^  dX  . 


(6-9) 


Since 
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(6-  10a) 


5  =  k.d  =  kd  sin  <|>rt 

x  x0  0 


we  find  that 


F(m)  =  2&e  J(k*0+  d  “)*  J  H®(kVx2+y2  )  e  J(k*0+  d  m)XdX. 


(6- 10b) 


Upon  using  the  relation 


k  =  k _  +  -^m 

xm  xO  d 


(6-1  la) 


where  the  kxm  are  wavenumbers  of  Floquet  modes  In  a  unit  cell,  we  finally  obtain 


F(m)  =  ^  e 


dkxmx 


J  h®(Wx2+/  ) 


e'^dX. 


(6- lib) 


The  Fourier  integral  of  the  Hankel  function  In  Eq.  (6-1  lb)  Is  evaluated  in  Appendix  F.  The 
result  Is 


-Jk__X  _  jKraO  y 

e  ^  dX  =  2? - 


(6- 12a) 


where 


k  =VK  -  k 
tnO  xm 


•  Im{Km0}  so. 


(6- 12b) 
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Thus,  from  Eqs.  (6-1  lb)  and  (6-12a)  we  find  that 


F(m)= 


e 


^KmOy 
e _ 

KmO 


(6-13) 


Finally,  upon  inserting  Eqs.  (6-7a)  and  (6-13)  into  Eq.  (6-5a)  we  get 


I  H‘2>(k|p_pp!)« 

p  =  —  OO 


,-Jp6x  _  2 
d 


-JSnoy 


mO 


(6-14) 


The  same  process  may  be  applied  to  obtain 


i  «fVlp-Pp^02s|)e-JPS'.|  f 


-Jk 


_ x 

xm  e 


-)*mo(y+2“) 


p=-o 


mO 


(6-15) 


Here 


I  P-Pp  +  y0  28 1  =  V (x-pd)2  +  (y  +  2s)2  ’ 


(6-16) 


Upon  combining  Eqs.  (6-14)  and  (6-15)  we  may  write 


X  HI,2)(k|p-p  l)eJKUx-U  £  H^(k|p-p  +yo2s|) 


-jp8 


l2)/ 


-JP«X 


P=-° 


P=-° 


75 


l: 


u  =  o 


“  -Jk_x  d’W' 

2  y  e  e _ 

a 


“jKmO8 

2J  sin  k  as  e  .  U  =  1 

J  mO 


(6-17) 


Substituting  this  identity  into  Eq.  (6-4)  we  obtain  the  desired  expression  for  tne  active  electric 
far  field 


Ez(x.y) 


2KV0(z=0") 

d 


bo-  loJo^} 


Z  -mon* 

1  e 

m  ss— oo 


dSnO* 
e _ 

x  „ 

mO 


1;  U  =  0 

2j  sin  k  s  e^^0  :  U  =  1 

J  mo 


(6-18) 


Relation  (6-18)  represents  the  active  array  far  field  in  terms  of  Floquet  TE^Q  modes 
propagating  in  the  y  direction  in  the  rectangular  unit  cell  with  propagation  constants 
defined  by  Eq.  (6-12b).  From  the  result  Just  obtained,  it  is  easy  to  see  that,  as  expected,  the 
active  array  field  is  periodic  in  the  x  direction. 


6.3  Element  Pattern,  (<p ) 


The  identity 


Op 


-J^P 

e 


dk 


xO 


(p  =  0,±l,...) 


(6- 19a) 


where  8^  is  the  Kronecker  delta  lets  us  write  the  expression  for  eJ'  due  to  the  singly  excited 
p=0  element  in  a  match  terminated  array  environment  as 
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~(e)  rt  r/d  - 

Ez  (P)  =  ^  J^d  Ez(P)  dkx 


(6- 1 9b' 


The  expression  for  the  active  array  far  field  Is  given  by  Eq.  (6-18),  which,  for  convenience,  we 
rewrite  In  the  form 


V.(z=0  )  “  dkm .  P 

Ez(P)  =  ^-r—  I  Tm(kx0)e  m 


(6-20aj 


where 


Tm(k,o)  =J2Kb0-  Vo'mI 


1;  U  =  0 

K 

m0  (2J  sin  KmQs  e  ;  U  =  1 


(6- 20b) 


k  =  x„k  +  y  k 

m  0  xm  J  O  mO 


(6-20c) 


and,  as  already  indicated 


p  =  *0x+y0y- 


(6-20d) 


Substituting  Eq.  (6-20a)  Into  (6- 19b),  we  get 


Ez  (P) 


<*>  *1\ 

■i  2  J 

m  =-~>  * 


V0(k xo)  Tm(kxo)  e 


-lkm*P 


(6-2  ll 


To  evaluate  the  Integral  In  Eq.  (6-21)  we  Introduce  the  transformation 


k  =  k  m  =  ku 

xm  xO  j 
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whereupon 


k  „(k  )  =  V k2  -  k2  =  k V 1  -u2=  k(u)  (6- 22b) 

mOV  xm/  xm  '  ’ 

and 

km*  p  =  [*0U  +  y0K<u>^  *P  =  kP[pU  K(u>]  •  (6-22e) 


As  a  result.  Eq.  (6-21)  transforms  Into 


E 


(«) 


,(p)=£ 


q 

a  =— oo 


rc/d+27tm/d 


v0<u)  To(u) 


e  du 


-rt/d+27tm/d 


(6-23) 


where  the  Floquet  relations  V0(k^0)  =  V^k^)  [since  TJk^)  =  ^(k^))  and  Tm(k3c0)  =  T^k^,) 
have  been  Invoked.  In  Eq.  (6-23)  12  =  kp  Is  the  large  parameter  and 


1;  U  =  0 

2J  sin  k(u)s  e  ;  U  =  1 


(6-24a) 


y(u)  =  X  u  + 
P 


P 


(6-24b) 


The  sum  over  the  Index  m  In  Eq.  (6-23)  may  be  further  converted  Into  an  Infinite  Integral,  so 
that 
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Ez  (P)  =  ~  v0(u)  T0(u)  e  du- 


(6-25) 


After  a  change  of  spatial  variables 


X  =  sin  <> 
P 


(6-26a) 


-  =  cos  $  (6- 26b) 

P 


where  $  =  jt/2  -  4»,  Eq.  (6-24b)  becomes 


y( u)  =  u  sin  <j>  + 


(6-26c) 


The  Integral  In  Eq.  (6-25)  Is  asymptotically  evaluated  by  the  method  of  stationary  phase  (see 
Appendix  G) .  The  result  Is 


E  (p)~J£- 
z  2n 


Vo(uJ 


2n 


lep  I  qr"(us)  I 


TTu  ) 
0\  a> 


e 


(6-27) 


The  stationary  phase  point  us  defined  by  3\]/(u)/  du  =  0  at  u  =  us  is 

k  ~ 

u  =  =  sin  <> 

9  k 


(6-28a, 


and  consequently 


1 


a2y(u) 


3u 


= - 1 —  <  0 

o'" 

cos  <t> 


(6-28c) 


k  cos  § 


1: 


2j  sin  (ks  cos  <ji) 


-jks  coe  $ 


u  =  o 

U  =  1 


(6-28d) 


Substituting  Eqs.  (6-28)  and  (4-49)  into  Eq.  (6-27)  we  obtain  the  first-order  asymptotic 
approximation  to  the  far  field  due  to  a  single  excited  monopole  element  in  an  infinite  match- 
terminated  array  environment,  that  is 


zW  V  x  vir 


e-Jkp 

Vp 


(6-29a) 


where 


J? 


4  x 


10J0(ka)][  1  +Fa(kd  sin  <!>)] 


1  ;  U=0 

A 

J2  sin  (ks  cos  *)  e"Jks  c“  *  ;  U  =  1  . 


(6- 29b) 


The  realized  element  gain  pattern 


(6- 30a) 
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2 

which,  normalized  to  the  available  power  P  =  |VUic|  /Zc,  may  now  be  written  as 


=  IfQ|2 

z  K 


(6- 30b) 


Note  that  the  factor  2nd  A  represents  the  uniformly  illuminated  unit  cell  power  gain  since  it  Is 

the  maximum  gain  (directivity)  of  an  antenna  with  an  area  d.  This  Implies  that  |  f(<J> ) |  SI. 

We  denote  the  complex  field  element  pattern  by 

g^)=y2sd  f(*).  (6-31) 


Consequently,  Eq.  (6-29)  can  be  expressed  in  the  form 


~(e) 

Ez  S 


1 

V2n 


v  Zc  Vh  Vp 


(6-32) 


Note  that  Eqs.  (6-31)  with  (6-29b)  for  the  element  pattern  g^(<t>)  In  an  infinite  array 
environment  are  exactly  of  the  same  form  as  the  equation  for  the  radiation  pattern  of  the 

single  (isolated)  element  g^(<t>)  given  by  Eq.  (5-20a).  However  It  is  important  to  mention  that 
ra(kd  sin  <)>)  in  Eq.  (6-29b)  Is  the  active  reflection  coefficient,  while  Ta  in  Eq.  (5-20a)  is  the 
Input  reflection  coefficient  of  a  single  element.  In  addition  thee '  in  the  expression  for  I  q  in 

Eq.  (6-29b)  are  probe  current  expansion  coefficients  of  the  active  infinite  array  while  the  c ' 

In  the  expression  for  I  'Q  in  Eq.  (5-20a)  are  probe  current  expansion  coefficients  of  the  single 
monopole  In  the  parallel  plate  region. 

It  Is  known  that  within  a  "single  mode  approximation"  the  array  element  pattern  g^'(<t>) 

can  be  expressed  simply  in  terms  of  a  single  (isolated)  monopole  radiation  pattern  g!t!(<l>)  and 

20 

infinite  array  coupling  (scattering)  coefficients  as 
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(6-33) 


where  Spas  discussed  in  Section  4.7  are  mutual  coupling  coefficients.  We  obtained  this 
relation  by  comparing  Eq.  (5-20a)  with  Eq.  (6-31)  having  in  mind  Eq.  (6-29b).  We  see  that 


(6-34) 


where  ra($)is  the  active  coefficient  and  S°  represents  self  reflection  of  the  excited  reference 
element  (p=0)  in  the  match-terminated  array  environment.  In  Eq.  (6-34)  we  assumed  that  S°  is 

equal  to  the  input  reflection  coefficient  of  the  single  monopole  =  S°  in  Eq.  (5-20)  ,  thus  we 

neglected  second  order  backscattering  contributions  to  S°  from  neighboring  elements.  Also  we 
assumed  that  the  single-term  probe  current  of  the  active  array  is  the  same  as  the  one  on  a 
single  (isolated)  monopole.  From  Eq.  (4-51a) 


1  +  T  (<)>)  =*  1  +  S°  +  T  Sp  cos  (kdp  sin  $). 
a  p=>i 


(6-35) 


Substitution  of  Eq.  (6-35)  into  Eq.  (6-34)  yields  (6-33). 

When  there  are  no  grating  lobes  in  real  space  I  g  !?(<)>)  I  can  be  also  obtained  from 


(6-36) 


where  r~a(<I> )  may  be  computed  from  Eq.  (4-48a).  Equation  (6-36).  which  is  based  on  the 
conservation  of  power  principle,  is  well  known.  It  has  also  been  derived  below  for  an  infinite 
linear  array  of  coaxially-fed  monopoles  in  the  parallel  plate  waveguide. 

We  start  from  Eq.  (6-29)  which  after  using  Eq.  (H-54)  can  be  rewritten  in  the  form 


(6-37a) 


J- 

keJ4 

V2 n 


T'V,  cos  $ 

00  Inc  T 


since  the  transmission  coefficient 


T 


oo 


(6- 37b) 


In  Eq.  (6-37b),  V^c  is  the  modal  voltage  of  the  incident  TEM  mode  in  the  coaxial  feed  line 
(p=0),  and  V"Q  is  the  modal  voltage  of  the  single-propagating  (m=0,n=0)  TE  Floquet  mode  in 
the  unit  cell  (see  Eqs.  (H-49a)  and  (H-54)]. 

Substituting  Eq.  (6-37a)  into  Eq.  (6-30a)  gives  the  element  gain  pattern  as 


(6-38) 


On  the  other  hand  when  only  a  single  Floquet  mode  propagates  in  the  unit  cell  the  power 
conservation  principle  states 


Y 

C 


(6- 39a) 


where  Y  ^  is  the  modal  admittance  of  the  (m=0,n=0)  Floquet  mode  in  the  unit  cell  given  by 
Eq.  (H-50c)  as 


0”  _  cos  (j> 

oo  ^  •  (6- 39b) 


Thus  I |  Yqo  =  Pt  in  Eq.  (6-39a)  represents  transmitted  power  in  the  unit  cell.  From  Eq.  (6- 
39a) 
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(6-40a) 


Here 


(6-43) 


is  the  TEM  mode  incident  power  In  the  feed  coaxial  transmission  line  with  characteristic 
admittance  Yc.  As  Indicated  in  Chapter  4,  ra  represents  the  active  reflection  coefficient 
defined  by  Eq.  (4-48a).  The  Pt  in  Eq.  (6-42)  represents  the  far  field  radiated  power  within  a 
unit  cell  of  cross  section  area  dxh.  It  is  given  by 
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•  d/2  /»h  ^  ^ 

t  =  Re  E  x  H*  •  y0  dx  dy 

J-d/2  JO 


(6-44) 


7.  NUMERICAL  ANALYSIS 


Based  on  the  preceding  analysis,  a  Fortran  IV  computer  program  was  generated  to  evalute 
the  probe  current  distribution,  active  Impedance,  coupling  coefficients,  and  the  far-field 
element  patterns.  A  comprehensive  description  of  the  computer  program  Including  a  complete 
listing  and  printout  for  the  typical  test  case  will  be  given  In  a  subsequent  RADC  Technical 
Report.  The  program  was  run  on  a  CDC  Cyber  860  computer  at  the  GL  Computer  Center, 
Hanscom  AFB,  MA.  All  calculations  were  performed  In  single  precision  (15  significant  digits 
on  a  Cyber  860)  complex  arithmetic.  The  execution  time  to  compute  the  active  admittance  and 
reflection  coefficient  for  one  scan  angle,  and  the  far-field  element  pattern  value  for  one 
observation  angle,  is  2.5  seconds.  The  time  required  to  compute  the  coupling  coefficient 
between  two  elements  of  the  Infinite  linear  array  is  approximately  1.5  seconds.  This  program 
requires  1 50  kbytes  of  memory. 

The  active  admittance  is  computed  from  Eq.  (4-44)  using  the  relevant  relations 
(Eqs.  (4-45)1.  The  (I  x  I)  matrix  with  the  elements  Ajj  as  given  by  Eq.  (4-45k).  is  Hermltlan  and 
therefore  only  I(I+l)/2  matrix  coefficients  need  to  be  evaluated.  The  series  over  Index  n  in  Eq. 
(4-45k)  converges  as  1/n3-  Forty  terms  (n  m**  =  40)  were  used  throughout,  unless  otherwise 
stated.  The  Sn(5x)  In  Eq.  (4-45k)  Is  computed  for  the  desired  geometry  from  Eqs.  (4-47a)  to 

(4-47d).  The  series  X  In  Eqs.  (4-47c)  and  (4-47d)  converge  as  1/Vp  for  p  -» <*>.  The  slow 

p 

convergence  of  these  series  was  accelerated  as  described  In  Appendix  E,  based  on  the  relation:9 


«o 

2  X  Ho2)(2rcyp)  cos  (2rtxp)  =  -1  +j£  +  y)  +  i-  * 


x2-^ 


J-  X 


-I  —  + _ L 


=  l  [V(m+x)  - y2  V(m-x)  -y 


_  _  2_ 
2  rn 


Infrld  ,  L.  at  a!  (1974)  On  some  series  of  Bessel  functions,  J.  Math,  and  Phys..  26. 
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valid  for  0  <  x  <  1.  In  Eq.  (7-1)  1m 
The  new  series  X  converges  as  1/m3. 


r  22 

[(m±x)  -/] 


>  0.  and  y  =  0.577...  is  the  Euler  constant. 


The  inner  products  T^  In  Eq.  (4-45  k)  were  computed  from  Eq.  (4-451). 

The  zero-order  Bessel  and  Hankei  functions  in  the  expression  for  Ay  were  evaluated  by  the 
usual  numerical  methods.10  The  computational  accuracy  of  these  functions  was  better  than 
10  significant  digits. 

The  coefficients  Bt  are  computed  using  Eq.  (4-451). 

The  monopole  current  density  expansion  coefficients  were  solved  from  Eq.  (4-45J)  using 
Gauss's  elimination  method.  Ten  current  terms  (1=10)  were  used  in  numerical  evaluation 
unless  otherwise  indicated. 

The  relative  convergence  phenomenon11  was  observed  by  monitoring  the  current 
expansion  coefficients  and  the  active  admittance  value  as  a  function  of  the  number  of  parallel 
plate  radial  modes  n  and  of  the  number  of  current  terms  I.  It  was  found  that  for  a  stable 
solution  It  is  necessary  to  Impose  the  condition 


I  <  -l-  n 
h  max 


(7-2) 


For  example  If  n  inaA  =  20  and  h  =  0.369A.  one  requires  I<5  for  l «  0.1X,  I<10  If  l  =  0.2k  and  I<16 
If  t  =  0.3X..  If  I  Increases  beyond  these  values,  the  numerical  values  for  Ya  tend  to  become 
progressively  less  accurate.  This  can  be  seen  from  Figures  7-1  and  7-2  which  show  the  active 
input  conductance  and  susceptance  at  broadside  scan  for  an  infinite  array  radiating  Into  a 
semi-infinite  parallel  plate  region  (U  =  1)  vs  the  number  of  monopole  current  terms  for  four 
probe  lengths:  I  =  0.  IX,,  l  =  0.2X.  I  =  0.3k.  and  l  =  0.233X  (matched  case).  One  also  observes  that 
for  short  monopoles  a  single  current  term  yields  a  good  approximation  to  the  active 
admittance.  It  was  found  that  for  all  four  possible  array  geometries  [Eqs.  (4-47a)  to  (4-47d)). 
the  plots  Ya  vs  I  exhibit  a  similar  behavior. 


10  Abramowltz,  M.  and  Stegun,  I_A.  (1964)  Handbook  of  Mathematical  Functions.  United 
States  Department  of  Commerce,  National  Bureau  of  Standards,  Applied  Mathematics,  55. 

11  Lee,  S.W.,  Jones,  W.R.  and  Campbell,  J.J.  (1970)  Convergence  of  numerical  solution  of  iris 
type  discontinuity  problems,  Antennas  and  Propagation  Symposium  Digest,  Columbus.  Ohio. 
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INPUT  CONDUCTANCE,  Ga  (mS) 


NUMBER  OF  MONOPOLE  CURRENT  TERMS,  I 

Figure  7-2.  Active  Susceptance  vs  Number  of  Probe  Current  Terms 
(dA  =  0.4,  hA  =  0.369,  s/A,  =  0.163,  a/A  =  0.0106,  b/A  =  0.034,  Zc  =  50  £1;  =  0°) 


With  n  max  =  40  and  ten  current  terms  (I  =  10)  in  the  probe  current  expansion  the  active 
admittance  was  computed  with  an  accuracy  of  better  than  four  significant  digits.  If  a  high 
degree  of  accuracy  of  Ya  Is  desired,  more  current  terms  are  needed  and  n  max  must  be  Increased 
according  to  Eq.  (7-2). 

The  active  reflection  coefficients  ra(k  x0)  are  computed  from  Eq.  (4-48a). 

The  probe  current  distribution  has  been  computed  based  on  Eq.  (4-20a)  .  From  Eqs.  (4-20a) 
and  (4-24b),  the  probe  current  is 
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(7- 3a| 


i 

Iz(z)  =  2naJz(z)  =  X  c" 


sln  [2^1  (21’  1MZ*  *)] 


where  the  probe  current  expansion  coefficients  c "  are 


ci  = 


i=  1,2 . 1. 


(7-3b) 


In  Eq.  (7- 3b)  Z0  is  given  by  Eq.  (4-45b)  and  the  cj  are  the  solutions  of  Eq.  (4-45J).  In  our 
numerical  evaluation  of  c'('we  set  V0  to  unity. 

Coupling  coefficients  were  computed  using  Eq.  (4-51b).  A  numerical  integration  method 
based  on  cubic  spline  interpolation  is  described  in  Appendix  I  and  is  outlined  below. 

For  this  purpose  we  cast  Eq.  (4-5  lb)  into  the  form 


f(x)  e  dx 


(7-4) 


where  the  function  f  (x)  =  ra(kx0)  is  given  at  a  finite  number  of  equally  spaced  sample  points, 
and  fl  =  pd  is  the  large  parameter  when  p  is  large.  If  we  use  the  standard  numerical 
Integration  techniques  to  evalue  Eq.  (7-4),  it  is  important  to  notice  that  as  p,  that  is  Q. 
increases,  the  numerical  Integration  error  increases  if  the  number  of  integration  intervals  is 
constant.  On  the  other  hand,  the  values  for  coupling  coefficients  in  a  linear  array  in  a  semi- 
infinite  parallel  plate  waveguide  decay  monotonically  as  p-3/2  which  suggests  that  the 
numerical  integration  error  should  decrease  with  p  to  attain  the  desired  accuracy.  Thus,  the 
usual  numerical  Integration  methods  cannot  be  applied  in  this  case  because  of  the  large 
number  of  integration  steps  needed  to  achieve  a  desired  computational  accuracy. 

To  evaluate  Eq.  (7-4)  we  assume  that  fix)  is  given  by  a  set  of  values  ffijq)),  1=1,2 . N+l  on 

the  interval  (a,bl  where 


=  a  +  (i-l) 


b-a 

"n- 


(7-5) 


and  N  ts  the  number  of  subintervals.  We  approximate  fix)  in  each  subinterval  by  a  cubic 
polynomial 
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where  coefficients  A  nl  are  determined  in  Appendix  I  by  the  method  known  as  cubic  spline 
interpolation.  Based  on  that  one  may  write 


N 


f(x)e  JO*dx~  £ 
1=1 


xne"JOxdx 


(7-7) 


where  the  integrals  can  be  evaluated  in  a  closed  form.  Thus  the  integration  error  is  due  only 
to  the  approximation  of  fix)  in  each  subinterval  by  a  piecewise-cubic  polynomial  Pj(x).  The 
small  interpolation  error  is  estimated  in  Reference  12.  In  evaluating  the  coupling  coefficients 
by  using  Eq.  (4-5  lb)  we  set  N=300,  which  enabled  us  to  compute  efficiently  values  for  coupling 
coefficients  below  -  65  dB  without  noticeable  error. 

The  Integration  routine  was  tested  using  Eq.  (4-51b)  with  kx0=b,  that  is, 


r»=  £  sp. 

pa— oo 


(7-8) 


Truncating  the  series  at  I  p  I  =  50,  it  was  found  that  this  identity  holds  within  approximately 
three  significant  digits. 

The  field  (voltage)  element  patterns  of  the  excited  element  (p=0)  were  calculated  according 
to  Eqs.  (6-31)  using  Eq.  (6- 29b),  and  were  normalized  to  the  unit  cell  gain  (2  jr  d/A.)'/2. 


12  Conte,  S.D.  and  de  Boor,  Carl  (1972)  Elementary  Numerical  Analysis.  McGraw-Hill.  New 
York. 


8.  NUMERICAL  RESULTS  AND  DISCUSSION 


The  active  impedance,  active  reflection  coefficient,  coupling  (scattering)  coefficients,  probe 
current  distribution,  and  element  patterns  were  computed  for  representative  values  of  array 
parameters  to  show  the  significant  trends.  Most  of  the  numerical  results  refer  to  monopole 
elements  with  a  50  ohm  characteristic  impedance  of  the  corresponding  feed- transmission  line 
As  already  mentioned,  field  amplitude  (voltage)  element  patterns  were  normalized  to  the  unit 
cell  gain  (2nd /X)l/2-  Unless  otherwise  stated,  in  numerical  computations  we  used  40  waveguide 
modes  frim**  =  40)  and  10  monopole  current  terms  (I  =  10)  in  Galerkin's  procedure. 

The  results  are  grouped  according  to  array  structure  factor  SnfSx)  as  defined  by  Eq.  (4-47). 
We  discuss:  ( 1)  a  single  monopole  in  an  infinite  parallel  plate  region;  (2)  a  single  monopole  in 
a  semi-infinite  parallel  plate  region;  (3)  an  infinite  linear  array  of  monopole  elements  in  an 
infinite  parallel  plate  region;  and  (4)  an  infinite  linear  array  of  monopole  elements  in  a  semi 
infinite  parallel  plate  region. 


8.1  Single  Monopole  In  an  Infinite  Parallel  Plate  Region 

Figures  8- 1  and  8-2  show  input  conductance  and  susceptance,  respectively,  of  a  single 
monopole  in  an  infinite  parallel  plate  region  vs  probe  length  f  for  three  heights  of  parallel 
plates,  h/X  =  0.3,  h/X  =  0.35  and  h/X  =  0.4.  The  feed-coaxial  line  has  an  air  dielectric  and  a 
characteristic  Impedance  of  50  ohms.  The  coaxial  conductor  dimensions  are  a/X  =  0.016, 
b/X  =  0.037. 

It  Is  observed,  from  Figure  8-1,  that  the  input  conductance  is  very  sensitive  to  the  probe 
length  (  and  almost  insensitive  to  the  separation  between  the  two  parallel  plates  h.  In  fact,  for 
values  (/X  2  0.2,  the  conductance  is  practically  independent  of  h.  The  same  observation  also 
applies  to  the  susceptance  shown  in  Figure  8-2.  From  these  two  figures  one  also  sees  that  for 
short  probes,  f/X  5  0.1,  the  admittance  is  a  linear  function  of  the  probe  length.  This  is  because 
Ya  -  lz(z=0)  and.  as  will  be  discussed,  for  short  probes,  the  current  distribution  is  proportional 
to  the  probe  length.  Both  curves,  Ga  and  Ba  exhibit  resonant  behavior  at  l/X  ~  0.25.  From 
Figure  8-2  it  is  seen  that  for  I/X  <  0.25  the  input  admittance  is  capacitive,  for  l/X  >  0.25  it  is 
inductive,  and,  for  l/X  ~  0.25,  passes  through  resonance. 
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0  0.1  0.2  0.3  0.4  0.5 

PROBE  LENGTH,  £/X 


Figure  8-2.  Input  Susceptance  vs  Probe  Length;  Parameter:  Parallel  Plate 
Separation  h/A  =  0.3,  0.35.  0.4,  (a/A  =  0.016.  b/A  =  0.037) 


It  should  be  mentioned  that  the  analysis  presented  breaks  down  when  the  probe  extends 
very  close  to  the  top  plate,  that  Is,  when  1  ~  h.  Tills  Is  because  In  the  analysis  we  assumed  a 
sine  expansion  for  the  probe  current;  hence  we  forced  the  current  to  be  zero  at  fhe  Up  of  the 
probe.  However,  this  Is  not  true  when  1  -  h  because  of  the  displacement  current  flowing 
through  the  capacitance  between  the  Up  of  the  probe  and  top  plate  of  the  guide.  By  monitoring 
the  behavior  of  the  Input  Impedance  vs  l/h,  we  found  that  the  analysis  Is  valid  for  0  <  f/h  s 
0.99. 

When  the  parallel  plate  separation  Is  greater  than  a  lialf-wavelength.  higher  radial  modes 
propagate  In  the  guide.  Figure  8-3  shows  Input  admittance  vs  probe  length  for  h/A  =  0.95.  In 
tills  case  two  radial  modes,  n=0  (TEM)  and  n=l  |TM7|  propagate. 
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Curves  Ga  and  Ba  vs  l  exhibit  double  resonance  behavior.  The  first  resonance  occurs  at 
l/X  ~  0.25,  and  the  second,  as  expected,  at  l/X  ~  0.25  +  1/2  =  3/4.  We  choose  to  present  the 
admittance  curve  for  h/X  =  0.95  because  at  this  particular  plate  separation  and  l/X  =  0.75  the 
reflection  coefficient  is  zero  (ra  =  0).  To  avoid  the  relative  convergence  phenomenon,  we  stay 
within  the  range  allowed  by  Eq.  (7-2),  and  use  1=1  for  0  <,l/X<  0.05,  1=3  for  0.05  <  l/X  <  0.1,  1=5 
for  0. 1  <  l/X  <  0.2  and  1=10  for  0.2  <  l/X  <  0.3  with  nmax=60.  In  the  region  0.3  ^  l/X  <,  0.95  we 
used  1=10  and  nmax=40. 

In  most  practical  applications  It  Is  useful  to  know  the  optimal  separation  of  the  parallel 
plates  and  probe  length  so  that  the  monopole  Is  matched  to  the  coaxial  feed  line  at  a 
particular  center  frequency  fc.  For  this  reason  Figure  8-4  displays  the  contour  plot  of  the 
magnitude  of  the  reflection  coefficient  vs  h  and  L  One  sees  that  for  h/X  =  hc/X.  =  0.35  and  l/X  = 
yx  =  0.24, 

the  reflection  coefficient  Is  zero,  that  is,  a  monopole  element  In  an  infinite  parallel  plate 
region  is  matched  to  the  coaxial-feed  transmission  line. 


PARALLEL  PLATE  HEIGHT,  h/X 


Figure  8-4.  Reflection  Coefficient  (Contour  Plot  of  Magnitude)  vs 
Parallel  Plate  Separation  and  Probe  Length,  (a A  =  0.015,  b/X  =  0.037) 
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For  this  case  (hc/X  =  0.35),  Figure  8-5  shows  Input  Impedance  vs  probe  length.  The  Smith 
chart  normalization  Is  Z^j  =  50  ohms.  Note  that  for  l/'  =  0.24,  VSWR  =  1  (reflection  coefficient 
ra  =  0)  and  for  0.2  <  l/X  <0.3,  the  VSWR  <  2. 


1.0 


Figure  8-5.  Input  Impedance  vs  Probe  Length, 
(h/X  =  0.35.  a/X  =  0.016,  b/X  =  0.037.  =  50  £2) 


The  input  Impedance  vs  frequency  plot  in  Figure  8-6  allows  us  to  assess  the  frequency 
bandwidth  of  the  single  coaxlally-fed  monopole  element.  As  one  may  note,  the  frequency 
bandwidth  corresponding  to  a  VSWR  of  2:1  Is  approximately  40  percent. 
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-1.0 


Figure  8-6.  Input  Impedance  vs  Frequency.  (hcAc  =  0.35, 
yxc  =  0.24.  aAc  =  0.016,  b/\c  =  0.037,  =  50  £1) 


Figure  8-7  shows  the  dependence  of  input  impedance  on  probe  radius,  a.  The  radius  of 
the  outer  coaxial  conductor  is  b  =  2.3  a,  so  that  in  all  cases  the  characteristic  impedance  of 
the  coaxial  feed  lines  Zc  =  50  ohms.  It  is  seen  that  the  influence  of  these  parameters  on 
input  admittance  is  practically  insignificant. 
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Figure  8-7.  Input  Admittance  vs  Probe  Radius, 
(hcA  =  0.35,  4 /A.  =  0.24,  bA  =  2.3  a  A.  Zc  =  50  £ 2 ) 


The  numerical  computation  of  the  probe  current  distribution  based  on  Eq.  (7.3)  has  also 
been  carried  out.  In  our  numerical  evaluation  of  c  "  we  set  V0(z=0')  =  1  V  for  the  aperture 
voltage  In  the  coaxial  feed  line. 

Figure  8-8  shows  the  magnitude  of  the  current  vs  z/k  for  three  probe  lengths  I A  =  0.1.  0.2, 
and  0.3.  For  each  case  two  curves  are  plotted;  the  dashed  line  represents  the  probe  current 
distribution  for  a  single  current  term  |I  »  1  In  Eq.  (7- 3a))  and  the  solid  line  represents  the 
probe  current  distribution  with  ten  current  terms  (I  =  10  In  Eq.  (7-3a)).  It  is  seen  that  the 
current  along  the  probe  has  a  basic  sin  k(z  -  l)  variation.  For  short  probes  (IA  <  0. 1)  the 
magnitude  of  the  probe  current  Is  almost  a  linear  function  of  z.  This  is  expected  since 
sin  k(z  -  0  -  k(  z  -  l )  when  l/k  <0.1. 
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z/X 


Figure  8-8.  Current  Distribution  (Amplitude)  Along  a  Coaxially-Driven 
Monopole  in  an  Infinite  Parallel  Plate  Region;  Parameter:  Probe  Length 
l/k  =  0.1.  0.2,  0.3.  (h/X.  =  0.4.  aA  =  0.016.  b/\  =  0.037) 


Figure  8-9  exhibits  corresponding  phases  of  the  current  along  the  probe  for  the  same 
geometry. 
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z  /X 


Figure  8-9.  Current  Distribution  (Phase)  Along  a  Coaxially-Driven 
Monopole  In  an  Infinite  Parallel  Plate  Region;  Parameter:  Probe 
Length  l/\  =  0.1.  0.2.  0.3,  (hA  =  0.4.  a  A  =  0.016.  b/X  =  0.037) 


It  is  Interesting  to  note  that  since  the  probe  current  across  the  aperture  (z  =  0)  is 
continuous,  one  can  approximately  determine  the  Input  admittance  simply  from 


I  (z=0+) 
y  =  8V  ' 

*  Vo(z=0') 


(8-1) 


where  we  assumed  that  the  probe  current  at  z  =  0  Is  the  same  as  that  of  the  TEM  mode  in  the 
coaxial  feed-line.  Setting  Vo(z=0’)  =  IV  in  Eq.  (8-1)  we  obtain 
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IV 


(8-2) 


Y 

a 


In  Table  8-1,  for  the  geometry  of  Figures  8-8  and  8-9,  we  compare  results  for  the  input 
admittance  obtained  from  Eqs.  (4-44)  and  (8-2).  In  both  cases,  1  =  10  and  =  40.  As  one 
may  see,  the  difference  between  these  two  results  is  less  than  1  percent,  which  substantiates 
the  single  mode  approximation  for  the  field  in  the  aperture. 

Table  8-1.  Comparison  Between  Results  Obtained  from 
Eqs.  (4-44)  and  (8-2)  for  Input  Admittance  Ya  =  Ga  +  JBa; 

Parameter:  Probe  Length  IA  =  0.1,  0.2,  0.3, 

(h A  =  0.4,  aA  =  0.016,  b/X  =  0.037) 


l/X 

Ya  from  Eq.  (4-44) 

Ya  from  Eq.  (8-2) 

Ga 

mS 

Ba 

mS 

Ga 

mS 

Ba 

mS 

0.1 

0.511 

9.642 

0.502 

9.801 

0.2 

20.710 

20.034 

20.654 

20.041 

0.3 

9.473 

-2.732 

9.471 

-2.856 

The  probe  current  expansion  coefficients  c  "  as  given  by  Eq.  (7-3b)  are  tabulated  in  Tables 
8-2,  8-3  and  8-4  for  probe  lengths  l/X  =  0.1,  0.2,  and  0.3,  respectively.  In  each  case  coefficients 
are  given  for  the  single  (I  =  1)  and  ten  (1=10)  current  terms  in  Eq.  (7-3a). 


Table  8-2.  Probe  Current  Expansion  Coefficients; 
Parameter:  Total  Number  of  Current  Terms  I  =  1,  10. 
((A  =  0. 1,  hA  =  0.4,  aA  =  0.016,  b/X  =  0.037) 


U 

=  1 

1= 

10 

i 

Kl 

♦r 

Kl 

mA 

Deg. 

mA 

""i  “ 

8.222 

-93.26 

8.566 

'  -9^3/76 

2 

0.201 

112.75 

3 

0.697 

-93.02 

4 

0.033 

-133.46 

5 

0.279 

-93.33 

6 

0.041 

-107.54 

7 

0.161 

-9^.64 

8 

0.044 

-101.62 

9 

0.120 

-94.04 

10 

0.074 

-97.74 
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Table  8-3.  Probe  Current  Expansion  Coefficients; 
Parameter:  Total  Number  of  Current  Terms  I  =  1.  10, 
(l/\  =  0.2,  h/X  =  0.4,  a/X  =  0.016,  b/X  =  0.037) 


1= 

1 

^  1= 

lb 

1 

I'll 

♦r 

Kl 

K 

mA 

Deg. . . 

mA 

Deg. 

1 

i7.623 

-132  37 

28.369 

-141.27 

2 

2.050 

167.40 

3 

1.406 

-131.42 

4 

0.575 

178.17 

5 

0.592 

-132.76 

6 

0.303 

-176.53 

7 

0.341 

-134.16 

8 

0.195 

-172.99 

9 

0.227 

-135.36 

10 

0.139 

-170.34 

Table  8-4.  Probe  Current  Expansion  Coefficients; 
Parameter:  Total  Number  of  Current  Terms  1  =  1,  10, 
(t/X  =  0.3,  h/X  =  0.4,  a/X  =  0.016,  b/X  =  0.037) 
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14.341 

139.43 
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2 

3.155 
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Figures  8-10  and  8-11  show  the  magnitude  and  phase,  respectively,  of  the  probe  current,  for 
the  geometry  of  Figure  8-6,  that  is,  hc/X  =  0.35,  and  tc/X  =  0.24.  In  this  case,  as  Indicated,  the 
monopole  Is  matched  to  a  50  12  coaxial  feed  line.  One  may  see  from  these  two  figures  that,  as 
expected,  the  magnitude  of  the  probe  current  at  z  =  0  Is  20  mA  and  the  phase  is  zero,  that  is 

Iz(z  =  0+)  =  0.020  A. 
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Figure  8-10.  Current  Distribution  (Amplitude)  Along  a 
Coaxially-Driven  Monopole  in  an  Infinite  Parallel  Plate 
Waveguide:  Parameter:  Total  Number  of  Current  Terms  1=1, 
10,  (^A  =  0.24,  hcA  =  0.35.  aA  =  0.016,  b/X  =  0.037) 
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Figure  8-11.  Current  Distribution  (Phase)  Along  a 
Coaxially- Driven  Monopole  In  an  Infinite  Parallel  Plate 
Waveguide;  Parameter:  Total  Number  of  Current  Terms  1  =  1, 
10.  (Qk  =  0.24.  hcA  =  0.35,  a/Jt  =  0.016.  b/X  =  0.037) 


The  respective  coefficients  In  the  expansion  for  the  probe  current  are  tabulated  In 
Table  8-5. 


Table  8-5.  Probe  Current  Expansion  Coefficients; 
Parameter:  Total  Number  of  Current  Terms  I  =  1,  10. 
(yX  =  0.24.  hcA  =  0.35.  aA  =  0.016.  bA  ■  0.037) 
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Figures  8- 12  and  8-13  show  the  amplitude  and  phase  of  the  probe  current  for  h/k  =0.95. 
l/k  =  0.75.  From  Figure  8-3  one  sees  that  for  this  geometry  Ya  =  20  mS,  that  is,  in  this  case,  the 
monopole  is  also  matched  to  a  50  £2  coaxial  feed-line.  The  curve  I  lz(z)  |  exhibits  a  typical 
double  maximum  variation  vs  z  since  1/2  <  l/k  <  1.  Note  that  the  second  maximum  (z  —  k/2)  is 
lower  than  the  first  maximum  (z  =  0)  which  is  also  typical  for  a  long  dipole  antenna  driven 
from  a  coaxial  line.  The  respective  coefficients  in  the  probe  current  expansion  are  tabulated 
in  Table  8-6. 


Figure  8-12.  Current  Distribution  (Amplitude)  Along  a 
Coaxially- Driven  Monopole  in  an  Infinite  Parallel  Plate 
Waveguide;  Parameter:  Total  Number  of  Current  Terms  1=1. 
10,  {l/k  =  0.75,  h/X  =  0.95,  a/k  =  0.016,  b/k  =  0.037) 


105 


Table  8-6.  Probe  Current  Expansion  Coefficients; 
Parameter:  Total  Number  of  Current  Terms  I  =  1,  10, 
(  l/X  =  0.75.  h/X  =  0.95.  a/X  =  0.016.  b/X  =  0.037) 
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8.2  Single  Monopole  in  a  Semi-Infinite  Parallel  Plate  Region 

Figures  8-14  and  8-15  show  Input  conductance  and  susceptance,  respectively,  of  a  single 
monopole  in  a  seml-lnflnte  parallel  plate  region  vs  probe  length  l  for  parallel  plate 
separations  h/X  =  0.3.  0.35  and  0.4.  The  distance  between  the  probe  and  "back-plane".  s/X  = 
0.25.  The  feed-coaxial  line  with  dimensions  a/X  =  0.016,  b/X  =  0.037  has  an  air  dielectric  and 
characteristic  impedance  of  50  ohms. 
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Figure  8-14.  Input  Conductance  vs  Probe  Length; 
Parameter:  Parallel  Plate  Separation  h/\  =  0.3,  0.35, 
0.4,  (a/A.  =  0.016,  bA  =  0.037,  s/X  =  0.25) 
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Figure  8-15.  Input  Susceptance  vs  Probe  Length: 
Parameter:  Parallel  Plate  Separation  h/A.  =  0.3,  0.35, 
0.4,  (a/A.  =  0.016,  b/A,  =  0.037,  s/A.  =  0.25) 


It  Is  observed,  from  Figures  8-1,  8-2,  8-14,  and  8-15  that  for  the  short  probes  (1/A.  <  0.1)  the 
input  conductance  and  susceptance  of  the  single  monopole  in  a  semi-infinite  parallel  plate 
waveguide  is  practically  the  same  as  that  of  a  single  monopole  in  an  infinite  parallel  plate 
region.  This  is  expected  because  a  short  probe  radiates  very  little  power  into  the  parallel  plate 
region.  Consequently,  for  a  monopole  in  a  semi-infinte  parallel  plate  waveguide,  coupling  or 
mutual  interaction  between  the  probe  and  its  image  is  small.  As  probe  length  increases,  the 
curves  for  conductance  and  susceptance  in  Figures  8-14  and  8-15  slowly  depart  from  those  in 
Figures  8-1  and  8-2.  The  difference  is  due  to  mutual  coupling  between  the  probe  and  its  Image. 

As  for  a  single  monopole  in  an  infinite  parallel  plate  region,  one  sees  from  Figures  8-14 
and  8-15  that  the  input  admittance  of  a  single  monopole  in  a  semi-infinite  parallel  plate 
region  is  very  sensitive  to  probe  length  (  l )  and  almost  independent  of  the  distance  between  me 
iwo  parallel  plates  (h).  Here  also,  curves  Ga  and  Ba  exhibit  resonance  at  approximately  l/k  = 
0.25.  It  is  seen  from  Figure  8-15  that  for  1/ A.  <  0.25  the  input  admittance  is  capacitive  rov  ' 
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0.25  it  is  inductive,  and  for  l/k  =  0.25,  it  passes  through  resonance. 

For  practical  design  applications.  Figure  8-16  displays  the  contour  plot  of  the  magnitude  of 
the  input  reflection  coefficient  vs  the  probe-ground  distance  fs/X.)  and  probe  length  (l/k)  for  h/k 
=  0.35,  It  is  seen  that  for  s/k  =  sc/A.  =  0.227  and  l/k  =  l^/k  =  0.219,  the  reflection  coefficient  is 
zero.  Thus  a  single  monopole  radiating  into  a  semi-inflnte  parallel  plate  region  is  matched  to 
the  50  ohm  coaxial-feed  line.  It  was  found  that  for  any  h/k  one  can  find  a  corresponding  scA 
and  1^,/k  so  that  the  input  reflection  coefficient  ra  =  0. 


Input  Impedance  vs  probe-ground  distance  (dashed  curve)  for  l/k  =  0.15,  0.2,  0.25,  and  0.3  ar,-' 
vs  probe  length  (solid  curve)  for  s/X  =  0.15,  0.2.  0.25,  and  0.3  Is  shown  In  Figure  8-17.  The 
Smith  chart  normalization  Zj^  =  50  ohms.  Note  that  although  Impedance  Is  more  sensitive  to 
l/k  than  s/X,  the  curves  f/X  =  const  and  s/X  =  const  are  approximately  orthogonal.  This 
property  Is  useful  in  determination  of  l^/k  and  sc/X  which  correspond  to  a  point  fa  =  0. 


Figure  8-18  shows  Input  Impedance  vs  probe  length  for  scA  =  0.2275  (solid  curve)  and  Input 
Impedance  vs  probe-ground  distance  for  1^,/K  =  0.2187  (dashed  curves).  The  two  curves  Intersect 
at  the  point  Fa  =  0  since  as  already  mentioned  for  sc/X  =  0.2275,  l^/X  =  0.2187  the  monopole 
Input  Impedance  is  50  ohms. 


1.0 


Figure  8-18.  input  Impedance  vs  Probe-Ground  Distance 
{{./X  =  0.2187)  and  vs  Probe  Length  (s,./>.  =  0.2275). 

(h/X  =  0.35,  a/X  =  0.016.  b/X  =  0.037,  =  50  12) 
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For  the  same  case  [1^,/k  =  0.2187,  scA  =  0.2275),  Figure  8-19  shows  input  impedance  vs 
frequency.  It  Is  seen  that  the  frequency  bandwidth  corresponding  to  a  VSWR  of  2:1  is 
approximately  40  percent. 


Figure  8-19.  Input  Impedance  vs  Frequency  (hA,  =  0.35. 

4/X,  =  0.2187,  svAc  =  0.2275.  a/\  =  0.016.  b/X,  =  0.037.  ZN  =  50  12) 
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Figure  8-20  shows  the  dependence  of  Input  Impedance  on  probe  radius  (a).  As  in  Section 
8.1,  the  radius  of  the  outer  coaxial  conductor  Is  b  =  2.3  a,  so  that  in  all  cases  the  characteristic 
Impedance  of  the  coaxial  feed  lines  Zc  =  50  ohms.  From  this  figure  It  is  seen  that  Input 
admittance  Is  almost  Independent  of  probe  radius  for  a  A  >  0.01. 


PROBE  RADIUS,  a/  \ 

Figure  8-20.  Input  Admittance  vs  Probe  Radius  (hA  =  0.35, 
scA  =  0.2275,  y\  =  0.2187.  bA  =  2.3  a  A .  Zjg  =  50  Q) 


Based  on  Eq.  (7-3),  Figures  8-21  to  8-25  show  the  amplitude  and  phase  of  the  probe  current. 
The  dashed  curve  represents  the  probe  current  distribution  for  a  single  current  term  |I  =  1  In 
Eq.  (7-3a))  and  the  solid  curve  represents  the  probe  current  distribution  with  ten  current  terms 
(I  =  10  In  Eq.  (7-3a)|.  The  aperture  voltage  in  the  coaxial  feed-line  (see  Eq.  (7-3b))  is 
V0(z  =  O')  =  1  V. 


Figure  8-21.  Current  Distribution  Along  a  Coaxially- Driven 
Monopole  in  a  Semi-Infinite  Parallel  Plate  Region. 

(h/X  =  0.35.  I/X  =  0.15,  s/X  =  0.15.  a/X  =  0.016.  b/X  =  0.037) 


PROBE  CURRENT-MAG 


Figure  8-22.  Current  Distribution  Along  a  Coaxially-Driven 
Monopole  in  a  Semi-Infinite  Parallel  Plate  Region. 

(hA  =  0.35,  l/\  =  0.3,  sA  =  0.15.  aA  =  0.016.  b/\  =  0.037) 
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Figure  8-23.  Current  Distribution  Along  a  Coaxially-Driven 
Monopole  In  a  Semi-Infinite  Parallel  Plate  Region. 

(hA  =  0.35,  (A  =  0.15,  sA  =  0.3,  aA  =  0.016,  b/k  =  0.037) 
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Figure  8-24.  Current  Distribution  Along  a  Coaxially-Driven 
Monopole  in  a  Semi-Infinite  Parallel  Plate  Region. 

(h/A  =  0.35.  I/A  =  0.3.  s/A  =  0.3,  a/A  =  0.016,  b/A  =  0.037) 
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Figure  8-25.  Current  Distribution  Along  a  Coaxially- Driven 
Monopole  In  a  Semi-Infinite  Parallel  Plate  Region.  (h/\  =  0.35, 
=  0.2187,  SCA  =  0.2275,  a/\  =  0.016,  b/X  =  0.037) 


Figures  8-21  to  8-24  present  current  distrlbtulon  along  the  probe  for  s/X  =  0.15.  0.3  and  l/X 
=  0. 15,  0.3.  Notice  that  as  In  Section  8.6  for  the  short  probes  {l/X  <  0.15)  a  single  current  term 
In  (7-3a)  approximates  the  total  probe  current  fairly  well  while  for  l/X  >  0.15  more  terms  are 
needed. 

Figure  8-25  exhibits  probe  current  variation  vs  z/X  for  the  monopole  matched 
(sf;A  =  0.2275,  1^,/X  =  0.2187)  to  a  50  ohm  coaxial  feed-line.  Notice  that,  as  expected,  at 
z  =  0  +  I  Iz(z  =  0  +)  I  ~  20  mA  and  the  probe  current  phase  Is  zero. 
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For  the  same  geometries  the  probe  current  expansion  coefficients  c"  as  given  by  Eq.  (7-3b) 
are  given  in  Tables  8-7  to  8-1 1  In  each  case  coefficients  are  given  for  the  single  (1=1)  and  ten 
(I  =  10)  current  terms  in  Eq.  (7-3a). 


Table  8-7.  Probe  Current  Expansion  Coefficients; 
Parameter:  Total  Number  of  Current  Terms  I  =  1,  10, 

(hA  =  0.35,  l/K  =  0.15,  sA  =  0.15,  a  A  =  0.016,  b/X  =  0.037) 


16.498 


-100.93 


17.940 

-103.39 

0.523 

-152.86 

1.155 

-100.69 

0.197 

-131.88 

0.471 

-101.17 

0.121 

-124.41 

0.264 

-101.64 

0.085 

-120.54 

0.172 

-102.05 

0.065 

-118.08 

Table  8-8.  Probe  Current  Expansion  Coefficients; 
Parameter:  Total  Number  of  Current  Terms  I  =  1,  10, 
(hA  =  0.35,  l/X  =  0.3,  s/X  =  0.15,  a/X  =  0.016,  b/X  =  0.037) 


Table  8-9.  Probe  Current  Expansion  Coefficients; 
Parameter;  Total  Number  of  Current  Terms  I  =  1,  10, 
(h/X  =  0.35.  l/X  =  0.15.  s/X  =  0.3,  a/X  =  0.016,  b/X  =  0.037) 


Table  8-10.  Probe  Current  Expansion  Coefficients: 
Parameter:  Total  Number  of  Current  Terms  1=1,  10, 
(h/X  =  0.35.  1/X  =  0.3,  s/X  =  0.3,  a/X  =  0.016,  b/X  =  0.037) 


As  discussed  in  Section  8.1  the  input  admittance  can  also  be  calculated  using  Eq.  (8-2).  For 
the  geometries  of  Figures  8-21  to  8-25,  Table  8-11  compares  results  for  input  admittance 
obtained  from  Eqs.  (4-44)  and  (8-2).  In  all  cases  I  =  10.  Like  the  results  for  a  single  rnonopok 
In  an  infinite  parallel  plate  region,  the  difference  between  these  two  results  is  very  small  (los- 
than  1  percent). 
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Table  8-11.  Probe  Cmxent  Expansion  Coefficients; 

Parameter;  Total  Number  of  Current  Terms  i  =  1,  10, 

(h/A.  =  0.35,  yX  =  0.2187,  sc/X  =  0.2275,  a/X  =  0.016,  b/X  =  0.037) 


mA 


25.182 


176.54 


21.321 

169.18 

3.049 

124.51 

0.831 

-167.70 

0.784 

129.92 

0.357 

-170.96 

0.391 

132.66 

0.210 

-174.25 

0.241 

134.61 

0.141 

-176.96 

0.166 

136.14 

Table  8-12.  Comparison  Between  Results  Obtained  from 
Eqs.  (4-44)  and  (8-2)  for  Input  Admittance  Ya  =  Ga  +  jBa; 
Parameter;  Probe  Length  l/X  =  0.15,  0.2187,  0.3  and  Probe- 
Ground  Distance  s/X  =  0.15,  0.2275.  0.3,  (h/A.  =  0.35.  a/X  =  0.016. 
b/A.  =  0.037) 
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Figures  8-26  to  8-28  show  far-fleld  patterns  of  the  single  monopole  in  a  semi-infinite 
parallel  plate  waveguide  region.  The  patterns  were  computed  from  Eq.  (5- 20a).  As  described  in 
Section  5.2,  gain  patterns  are  normalized  with  respect  to  the  power  density  of  an  isotropic 
source. 

Figure  8-26  exhibits  far-fleld  patterns  for  two  different  spacings  between  probe  and 
conducting  back-plane,  s/X  =  0.15,  0.3,  and  for  the  following  geometry:  h/X  =  0.35,  l/X  =  0.15, 
a/X  =  0.016,  b/X  =  0.037.  As  one  may  see  from  the  Smith  chart  in  Figure  8-17,  for  this 

geometry  the  monopole  is  "poorly"  matched  ( I  Ta  I  —  0.75).  Consequently,  the  gain  in  the  <t>  —  0 
direction  is  low  (about  0.45  dB).  The  gain  patterns  for  s/X  =  0.15  and  0.3  differ  as  one  may  see 
from  Figure  8-26.  For  s/X  =  0. 15,  the  peak  of  the  pattern  is  at  <!>  =  0°  while  for  s/X  =  0.3  the 
maximum  is  at  <)>  -  35°.  The  half  power  points  are  approximately  at  50°  off  broadside  for  s/X  = 
0.15  and  65°  off  broadside  for  s/X  =  0.3. 

Figure  8-27  presents  the  gain  pattern  for  the  same  geometry  as  in  Figure  8-26  while  the 
probe  length  is  now  l/X  =  0.3.  Except  for  the  higher  gain  (Ta  —  0.55)  the  same  pattern  shape 

may  be  observed. 

The  gain  pattern  of  the  single  monopole  in  an  semi- infinite  parallel  plate  waveguide 
region  for  the  matched  case  ll^/X  =  0.2187,  sc/X  =  0.2275)  is  shown  by  the  solid  curve  in  Figure 

8-28.  At  <j>  =  0°  the  gain  is  2.55  dB.  If  monopole  were  matched  at  sc/X.  =  0.25  then  at  $  =  0°  the 
gain  would  be  exactly  3.0  dB  (in  field).  The  dashed  curve  on  the  same  figure  represents  the  gain 
pattern  also  for  the  case  l/X  =  0.2187  and  s/X  =  0.25.  The  3  dB  points  are  at  57°  off  broadside 
for  s/X  =  0.2275  and  60°  off  broadside  for  s/X  =  0.25. 

The  pattern  shapes  in  Figures  8-26  to  8-28  are  consistent  with  sin  (ks  cos  <)> )  dependence  on 

observation  angle  <>  as  stated  in  Eq.  (5-20a),  which  is  typical  for  the  two-element  array  with 
spacing  2s  and  180°  inter-element  phase  difference.  Thus  for  s/X  =  <  0.25,  the  pattern  is 
narrower  than  the  one  corresponding  to  s/X  =  0.25.  On  the  other  hand  when  s/X  >  0.25,  the 
pattern  is  wider  than  that  for  s/X  =  0.25  and  it  will  exhibit  a  dip  in  region  <!>-  0°  as  borne  out 
In  Figures  8-26  and  8-27. 

As  already  discussed,  the  input  reflection  coefficient  primarily  depends  on  probe  length. 
Thus  we  may  conclude  that  the  maximum  gain  level  primarily  depends  on  probe  length  (  I ) 
while  the  pattern  shape  vs  observation  angle  0  is  primarily  a  function  of  the  probe-ground 
spacing  (s). 
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Figure  8-27,  Gain  Pattern  (hA  =  0.35,  l/X  =  0.3.  a  A  =  0.016,  b/X  -  0.037. 
Z  =  50  12).  Parameter:  s/X  -  0. ’5,  C  3 

C 
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AZIMUTH  ANGLE,  $  (Deg) 


Figure  8-28.  Gain  Pattern  (h/\  =  0.35,  lc  A  =  0.2187.  sr  A  =  0.2275. 
a  A  -  0.016,  bA  =  0.037,  Zc  =  50  ft) 
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8.3  Linear  Array  of  Coaxially-fed  Monopole  Elements  In  an 
Infinite  Parallel  Plate  Waveguide 


Numerical  results  for  active  admittance,  probe  current  distribution  and  coupling 
(scattering)  coefficients  are  presented  for  two  typical  array  element  spacings  (a)  d  =  0.4  X  and 
(b)  d  =  0.6  X.  Unless  otherwise  explicitly  stated  all  of  the  numerical  results  refer  to  monopole 
elements  with  a  =  0.0106  X.  b  =  0.034  X  and  parallel  plate  height  h  =  0.360  X.  The  coaxial  feed¬ 
lines  have  er  =  2  and  characteristic  impedance  Zc  =  50  ohms.  Forty  waveguide  modes  (nmax  = 

40)  and  10  probe  current  terms  (I  =  10)  were  used  in  Galer kin's  method. 


8.3.1  ACTIVE  ADMITTANCE,  Ya  (8X). 


Active  admittance  is  computed  from  Eq.  (4-44)  using  Eq.  (4-47c)  for  Sn  (8X).  Figures  8-29 
and  8-30  display  a  contour  plot  of  the  magnitude  of  the  active  reflection  coefficient  vs  probe 
length  (l/X)  and  vs  parallel  plate  waveguide  height  (h/X),  both  at  broadside  scan.  It  is  seen 
(from  Figure  8-29)  that  for  hc/X  =  0.360  and  l^/X  =  0.280  the  broadside  scan  active  reflection 
coefficient  is  zero.  For  d/X  =  0.6  (  see  Figure  8-30)  there  is  no  such  point  and  consequently  one 
has  to  introduce  a  matching  network  to  match  the  element  to  the  50  ohm  feed  transmission 
line.  In  this  section,  unless  otherwise  stated,  we  assume  that  in  both  cases  l/X  =  0.28  and  h/X  - 
0.360.  Thus,  numerical  results  will  be  presented  for  the  arrays  with  the  following  dimensions: 


(a) 


d  =  0.4  X 
hc  =  0.360  X 
4  =  0.2*9  \ 


a  =  0.0106  \ 
b  =  0.034  X 


Zc  =  50  Q  (er  =  2) 


(b)  d  =  0.6  X 
h  =  0.360  X 
l  =  0.280  X 
a  =  0.0106  X 
b  =  0.034  X 
Zc  =  50  £2  (er  =  2) 


(8-3) 
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PROBE  LENGTH,  £l\ 


Figure  8-29.  Active  Reflection  Coefficient  (Contour  Plot 
of  Magnitude)  vs  Parallel  Plate  Height  and  vs  Probe  Length 

(d/X  =  0.4.  a  A  =  0.0106,  bA  =  0.0343,  Zr  =  50  Q.  *Q=  0°) 
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Figure  8-30.  Active  Reflection  Coefficient  (Contour  Plot 
of  Magnitude)  vs  Parallel  Plate  Height  and  vs  Probe  Length 

(d/X  =  0.6,  aA  =  0.0106,  bA  =  0.0343,  Zc  =  50  Q.  $0=  °°) 


For  these  two  geometries  Figures  8-31  and  8-32,  respectively  present  the  active  impedance 
vs  probe  length  l/X  and  vs  parallel  plate  distance  h/X.  Notice  that  the  active  impedance 
appears  to  be  sensitive  to  probe  length  and  relatively  less  sensitive  to  the  distance  between  tl 
two  parallel  plates.  Also  it  is  interesting  to  note  that  for  1/  X  <  0.280  the  impedance  is 
capacitive  (primarily  due  to  the  aperture)  and  for  probe  lengths  JA  >  0.28.  inductive. 
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Figure  8-31.  Active  Impedance  vs  Parallel  Plate  Distance 
and  vs  Probe  Length  -  Matched  Case  (d  A  =  0.4,  hcA  =  0.36. 

lcA  =  0.28,  a  A  =  0.0106,  b/A.  =  0.0343.  Z<.  =  50  DA0  =  0°) 
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Figure  8-32.  Active  Impedance  vs  Parallel  Plate  Distance  and 
vs  Probe  Length  (d/X  =  0.6.  h/X  =  0.36,  l/X  =  0.28,  a/X  =  0.0106. 
b/X  =  0.0343.  Zc  =  50  D,  <i>0  =  0°) 


Dependence  of  the  active  impedance  on  the  probe  radius  a  is  shown  in  Figure  8-33.  The 
radius  of  the  coaxial  conductor  b  =  3.249  a.  so  that  the  characteristic  impedance  of  the  coa:~ 
!-ed  lines  is  50  ohms.  It  is  seen  that  influence  of  these  parameters  on  active  Impedance  is  n- 
v*  rv  significant. 
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Figure  8-33.  Active  Impedance  vs  Probe  Radius  (Array  (a): 
d/X  =  0.4.  h JX  =  0.36.  yx  =  0.28.  b  =  3.249  a.  Z,  =  50  ii.  =  0° 
Array  (b):  d/X  =  0.6,  h/X  =  0.36.  l/X  =  0.28,  b  =  3.249  a.  2^  =  50  il, 

♦o  =  °°) 


For  both  arrays,  (a)  and  (b).  Figure  8-34  exhibits  the  active  Impedance  at  broadside  vs 
frequency.  In  the  matched  case  (array  (a)J,  the  frequency  bandwidth  corresponding  to  a  VSWR 
of  2: 1  Is  approximately  30  percent. 
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Figure  8-34.  Active  Impedance  vs  Frequency  (Array  (a): 

dAc  =  0.4.  hc/X*.  =  0.36,  4/^  =  0.28,  b/Xc  =  3.249  a/\.,  2^  =  50  SI, 

60  =  0°:  Array  (b):  d/^  =  0.6,  h/X*.  =  0.36,  I/Xc  =  0.28,  b/X*.  =  3.249  a/X*., 

Zc  =  50  Q,  ?0  =  0°) 


Figures  8-35  and  8-36  show  the  active  impedance  variation  vs  scan  for  three  frequencies: 
f  =  0.9fc,  fc,  and  l.lfc  where  fc  is  center  frequency.  Notice  that  the  array  (a)  is  matched  to  a  50 
ohm  coaxial  line  at  fc  and  broadside  scan  (<t>0  =  0°). 
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Figure  8-35.  Active  Impedance  vs  Scan;  Parameter:  Frequency 
f  =  0.9  fc.  fc.  and  1.1  fc  (dAc  =  0.4,  hcAc  =  0.36.  ^/A.c  =  0.28. 
a/Xc  =  0.0106,  b/\.  =  0.0343,  Zc  =  50  ft) 


1.0 


Figure  8-36.  Active  Impedance  vs  Scan;  Parameter:  Frequency 
f  =  0.9  fc.  fc,  and  1 . 1  fc  (d  Ac  =  0.6.  hAc  =  0.36,  IAC  =  0.28, 
aAc  =  0.0106,  bAc  =  0.0343,  Zc  =  50  £1) 


8.3.2  PROBE  CURRENT,  Iz  (z) 

The  active  array  probe  current  distribution  Iz  (z)  has  been  calculated  from  Eq.  (7-3a). 
Figures  8-37  to  8-40  show  the  magnitude  and  phase  of  the  probe  current  vs  zA  for  both 
arrays,  and  for  the  three  probe  lengths  !A  =  0. 15.  0.28.  and  0.3.  Notice  that  the  magnitude  of 
current  along  the  probe  has  a  basic  sin  k(z-f )  variation. 
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Figure  8-37.  Probe  Current  -  Magnitude;  Parameter;  l/X  =0.15,  0.28,  and 
0.3  (dA  =  0.4.  h/X  =  0.36,  aA  =  0.0106,  bA  =  0.0343.  Zc  =  50  11,  <t>0  =  0°) 
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Figure  8-38.  Probe  Current  -  Phase;  Parameter:  l/X  -  0.15,  0.28.  and 
0.3  (d/X  =  0.4,  h/X  =  0.36,  a/X  =  0.0106,  b/X  =  0.0343.  Zc  =  50  LI.  ?0  =  0°) 
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PROBE  CURRENT-MAGNITUDE,  IIz(z)l  (mA) 


z/X 

Figure  8-39.  Probe  Current  -  Magnitude;  Parameter:  l/\  =0.15,  0.28,  and 
0.3  (d/X.  =  0.6,  h  A  =  0.36,  a/k  =  0.0106,  bA  =  0.0343,  Zc  =  50  12,  =  0°) 
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PROBE  CURRENT  -  PHASE  (Deg) 


z/X 

Figure  8-40.  Probe  Current  -  Phase;  Parameter:  l/X  =  0.15,  0.28.  and 
0.3  (dA  =  0.6.  h/X  =  0.36,  a  A  =  0.0106,  b/X  =  0.0343,  Zc  =  50  Q.  <t>0  *  0°) 


As  already  mentioned  in  our  numerical  computations  we  set  1  =  10  and  aperture  voltage 
V0  =  IV  which  in  array  (a)  gives  I  Iz  (z=0)  I  -  20  mA  as  expected  since  this  element  is  matched  to 
a  50  ohm  coaxial  feed  line. 

For  both  arrays  ((a)  and  (b)],  each  with  the  specified  three  probe  lengths  the  probe  current 
expansion  coefficients  c"  as  given  by  Eq.  (7-3b)  are  tabulated  In  Tables  8-13  to  8-18.  In  each 
case  the  coefficients  are  given  for  a  single  (1=1)  and  for  ten  (1=10)  current  terms  in  Eq.  (7-3a). 
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Table  8-13.  Probe  Current  Expansion  Coefficients;  Parameter: 
Total  Number  of  Current  Terms  I  =  1.  10  (d/X  =  0.4,  l/X  =  0.15, 
h/X  =  0.36,  a/A.  =  0.0106,  b/X  =  0.0343,  Zc  =  50  ft,  =  0°) 


Table  8-14.  Probe  Current  Expansion  Coefficients;  Parameter: 
Total  Number  of  Current  Terms  1  =  1,  10  (dA  =  0.4,  l^/X  =  0.28. 

hcA  =  0.36.  a/A.  =  0.0106,  b/X  =  0.0343,  Z*.  =  50  ft.  <5()  =  0°) 


Table  8-15.  Probe  Current  Expansion  Coefficients;  Parameter: 
Total  Number  of  Current  Terms  1=1,10  {d/X  =  0.4,  1/X  =  0.30, 

h/X  =  0.36,  a/X  =  0.0106,  b/X  =  0.0343,  Zc  =  50  Q,  <t>Q  =  0°) 


Table  8-16.  Probe  Current  Expansion  Coefficients:  Parameter: 
Total  Number  of  Current  Terms  I  =  1,  10  (d/X  =  0.6.  f/X  =  0.15, 

h/X  =  0.36.  a/X  =  0.0106,  b/X  =  0.0343,  Z,-  =  50  O.  =  0°) 
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Table  8-17.  Probe  Current  Expansion  Coefficients:  Parameter: 
Total  Number  of  Current  Terms  I  =  1.  10  (d A  =  0.6,  l/X  =  0.28, 

h/\  =  0.36,  a  A  =  0.0106,  bA  =  0.0343.  Zc  =  50  ft,  ?0  =  0°) 


Table  8-18.  Probe  Current  Expansion  Coefficients;  Parameter: 
Total  Number  of  Current  Terms  1=1,  10  (d/A.  =  0.6,  l/X  =  0.30, 
hA  =  0.36.  a/1  =  0.0106,  bA  =  0.0343,  Zc  =  50  A$0  =  0°) 


As  for  a  single  element,  the  active  admittance  can  be  also  computed  using  Eq.  (8-1)  where 
now  the  probe  current  Is  a  function  of  the  inter-eiement  phasing  ft*.  For  the  same  geometries. 
Table  8-19  compares  the  results  for  Input  admittance  at  broadside  scan  obtained  from  Eqs. 
(4-44)  and  (8-2).  In  all  cases  I  =  10.  One  may  notice  the  small  difference  (less  than  1  percent) 
between  the  two  results. 
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Table  8-19.  Comparison  Between  Results  for  Active  Admittance  Ya  =  Ga  +  JBa; 
Parameter:  d/X  =  0.4,  0.6  (Array  (a):  d/X  =  0.4,  l/X  =  0.15,  0.28,  0.30,  h/X  =  0.36, 
a/X  =  0.0106,  b/X  =  0.0343,  Zc  =  50  £2,  $0  =  0°;  Array  (b):  d/X  =  0.6,  i/X  =  0.15, 
0.28,  0.3,  h/X  =  0.36,  a/X  =  0.0106,  b/X  =  0.0343,  Zc  =  50  £2,  $0  =  0°)| 


l/X 

Ya  from  Eq.  (4-44) 

1  Ya  from  Eq.  (8-2) 

d/X  =  0.4 

d/X  =  0.6 

d/X  =  0.4 

d/X  =  0.6 

Ga 

mS 

B 

a 

mS 

Ga 

mS 

Ba 

mS 

Ga 

mS 

B 

a 

mS 

Ga 

mS 

Ba 

mS 

0.15 

1.392 

11.662 

1.118 

12.683 

1.385 

11.724 

IBQI 

12.739 

0.28 

20.453 

0.713 

15.489 

-11.872 

20.454 

0.647 

15.489 

-11.939 

0.30 

16.017 

-1.958 

9.833 

-9.037 

16.023 

-2.049 

9.836 

-9.130 

8.3.3  COUPLING  COEFFICIENTS,  S? 

Coupling  coefficients  were  computed  using  Eq.  (4-52). 

Figure  8-41  shows  the  amplitude  of  the  coupling  coefficients  for  both  arrays  with  (a)  d/X  = 
0.4  and  (b)  d/X  =  0.6.  The  coupling  coefficients  decay  monotonlcally  vs  element  number.  As 
can  be  seen  from  Figure  8-42,  for  elements  distant  from  the  excited  monopole  the  coupling  Is 
primarily  due  to  the  parallel  plate  waveguide  TEM  mode  whose  amplitude  decays  as  (pd)-3/2. 
For  this  reason  one  would  expect  that  coupling  coefficients  vs  element  number  p  decay  faster 
for  d/X  =  0.6  than  for  d/X  =  0.4.  In  Figure  8-41  however,  when  p  is  large,  the  coupling 
coefficients  for  d/X  =  0.4  decay  faster  than  for  d/X  =  0.6.  This  Is  because  the  elements  of  array 
(a)  (d/X  =  0.4)  are  better  matched  to  a  50  ohm  coaxial  line  than  elements  of  array  (b)  (with 
d/X  =  0.6)  and  consequently  they  "absorb"  more  power  from  the  TEM  mode  propagating  along 
the  array  from  the  excited  (p=0)  element.  Also  one  sees  that  for  the  elements  close  to  the 
excited  one  (p  Is  small)  the  distance  factor  (pd)-3^2  Is  more  pronounced  than  the  effect  due  to 
the  matching  of  the  elements,  and  consequently  in  this  region  the  coupling  coefficients  of 
airay  (b)  decay  faster  than  those  of  array  (a).  The  two  curves  cross  at  p=5  (See  figure  8-41) 
which  means  that  at  this  particular  element  the  two  effects  (element  spacing  and  matching) 
are  about  the  same. 
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Figure  8-4 1 .  Amplitude  of  Coupling  Coefficients  vs  Element  Serial  Number: 
Parameter:  dA  =  0.4,  0.6  (Array  (a):  d A  =  0.4,  hcA  =  0.36.  l^/X  =  0.28, 
aA  =  0.0106.  bA  =  0.0343.  Z<  =  50  ft:  Array  (b):  dA  =  0.6.  h A  =  0.36.  1 A  =  0.28. 
aA  =  0.0106.  bA  =  0.0343.  Zc  =  50  flj 
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Figure  8-42  exhibits  the  coupling  coefficient  s  differential  phase  A4>p  where  with 


Sp  =  Sp  e~^p 


(8-4a) 


we  define 


A<t> 

P 


<)>  -  kdp,  k  =  — . 
p  K 


(8-4b) 


In  Eq.  (8-4b)  (kdp)  represents  the  phase  delay  of  the  TEM  mode  from  the  reference  element 
(p  =  0)  to  element  p.  Thus,  for  elements  close  to  the  excited  one  the  coupling  is  due  to  the  TEM 
mode,  plus  contributions  of  higher  non- propoga ting  parallel  plate  radial  waveguide  modes. 
For  elements  further  removed,  the  coupling  is  primarily  due  to  the  TEM  mode. 
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Figure  8-42.  Phase  of  Coupling  Coefficients  vs  Element  Serial  Number; 
Parameter:  dA  =  0.4.  0.6  [Array  (a):  dA  =  0.4.  hrA  =  0.36.  I,. A  =  0.28.  aA  = 
0.0106.  bA  =  0.0343,  Zc  =  50  Q;  Array  tb);  d  A  =  0.6.  h  A  =  0.36.  \/\  =  0.28. 
aA  =  0.0106.  bA  =  0.0343,  =  50  ft) 
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8.4  Linear  An-ay  of  Coaxially-fed  Monopole  Elements  in  a  Semi-Infinite  Parallel  Plate 
Waveguide 

The  active  admittance,  probe  current  distribution,  coupling  coefficients  and  element 
patterns  were  computed  for  representative  values  of  array  and  element  parameters  to  exhibit 
the  significant  trends.  Numerical  results  presented  here  are  solely  for  arrays  backed  by  a 
conducting  ground  with  two  typical  element  spaclngs  (a)  d  =  0.4  X  and  (b)  d  =  0.6  X  where  X  Is 
the  free  space  wavelength.  Unless  otherwise  explicitly  stated,  all  of  the  numerical  results 
refer  to  monopole  elements  with  a  =  0.0106  X,  b  =  0.0343  X  and  parallel  plate  height 
h  =  0.369  X.  The  coaxial  feed-lines  with  Zc  =  50  Q  are  fully  loaded  with  teflon  (er  =  2).  As 
already  mentioned  nmax  =  40  and  I  =  10  In  Galerkin's  procedure  throughout  this  section. 

8.4.1  ACTIVE  ADMITTANCE,  Ya(8x) 

Active  admittance  Ya(§x)  has  been  computed  from  Eq.  (4-44)  with  Sn  (8*)  as  given  by 
Eq.  (4-47d).  Figures  8-43  and  8-44  show  the  active  impedance  Za  =  1/Ya  at  broadside  scan  vs 
probe  length  (solid  curve)  for  s/X  =  0.15,  0.2,  0.25,  and  0.3,  and  vs  probe  to  ground  distance 
(dashed  curve)  for  l/X  =  015,  0.2,  0.25,  and  0.3.  The  inter-element  spaclngs  are:  (a)  d  =  0.4  X 
and  (b)  d  =  0.6  X,  while  the  distance  between  the  parallel  plates  is  h  =  0.369  X.  The  Smith 
chart  is  normalized  to  50  ohms.  In  case  (a),  the  resonant  dimensions  are  approximately 
l/X  =  0.233  and  s/X  =  0. 163.  For  l/X  <  0.233,  Za  is  capacitive  and  for  l/X  >  0.233,  Inductive.  In 
case  (b).  the  resonance  occurs  approximately  at  l/X  =  0.25  and  s/X  =  0.245.  In  both  cases,  Za  is 
more  sensitive  to  changes  of  l/X  than  of  s/X,  and  the  curves  l/X  =  const  and  s/X  =  const  are 
nearly  orthogonal.  This  property  is  useful  in  determining  the  pair  of  values  l^/X,  sc/X  that 
produce  an  Impedance  match. 
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Figure  8-43.  Active  Impedance  vs  Probe-Ground  Distance  s/X  and  vs 
Probe  Length  l/X  (d/X  =  0.4,  <t>0  =  0°) 


Figure  8-44.  Active  Impedance  vs  Probe-Ground  Distance  s/A_and  vs 
Probe  Length  l/X  (d/A.  =  0.6,  <i>0  =  0°) 

For  design  purposes.  Figures  8-45  and  8-46  display  contour  plots  of  I  r  I  =  constant  vs  I/A. 
and  vs  s/A..  for  both  arrays.  It  is  seen  that  the  match  is  achieved  in  case  (a)  for  /« /A.  =  0.233, 
s, /A.  =  0.163  and  in  the  case  (b)  for  i, /X  =  0.250.  s,  /A.  =  0.245.  Thus,  the  two  geometries  that 
'■i eld  broadside  match  are: 


PROBE  LENGTH,  f/A 


PROBE  LENGTH,  f/A 


0.1  0.2  0.245  0.3  0.4 

PROBE-GROUND  DISTANCE,  s/A 


Figure  8-46.  Active  Reflection  Coefficient  -  Magnitude  vs  Probe-Ground 
Distance  s/A.  and  vs  Probe  Length  (/A  (d/A  =  0.6.  <t>0  =  °°) 


We  shall  now  vary  one  dimension  at  a  time  and  observe  the  variation  of  active  impedance 
Figures  8-47  and  8-48  exhibit  the  dependence  of  the  active  impedance  on  the  probe- to- 
ground  distance  and  on  probe  length. 
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Figure  8-47.  Active  Impedance  vs  Probe-Ground  Distance  s/k  and  vs  Probe 
Length  l/k  for  Array  (a)  -  see  Eq.  (8-5)  for  Specifications.  (<t>0=  0°) 


Figure  8-48.  Active  Impedance  vs  Probe-Ground  Distance  s/K  and  vs  Probe 
Length  l/h  for  Array  (b)  -  see  Eq.  (8-5)  for  Specifications.  (<t>Q  =  0°) 

Figure  8-49  shows  the  active  Impedance  variation  at  broadside  scan  vs  parallel  plate 
height  h/X.  It  Is  seen  from  the  expanded  Smith  chart  that  for  h/>.  variation  from  0.3  to  0.45, 

'  ra(<j>o=0°)  I  <  0.12  for  both  arrays.  Indicating  that  the  active  Impedance  Is  relatively 
insensitive  to  the  waveguide  height. 


0.4 


Figure  8-49.  Active  Impedance  vs  Parallel  Plate 
Height  h/X  for  Arrays  (a)  and  (b),  ($Q  =  0°) 


The  dependence  of  the  active  impedance  on  the  probe  radius  a  is  shown  In  Figure  8-50. 
The  radius  of  the  outer  coaxial  conductor  is  b  =  3.249  a.  so  that  the  characteristic  impedance 
of  the  coaxial  feed  lines  always  remains  50  ohms. 
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Figure  8-51.  Active  Impedance  vs  Frequency  for  Arrays  (a)  and  (b).  (^=0°) 


Figures  8-52  and  8-53  exhibit  the  scan  dependence  of  active  impedance  for  the  same 
geometry  and  for  the  three  frequencies:  f  =  0.9fc,  fc,  and  l.lfc  where  fc  is  the  center  frequency. 
One  observes  that  the  arrays  are  matched  to  a  50  ohm  coaxial  feed  line  at  fc  and  broadside 
scan  (<t>o=o°)  and  that  the  bandwidth  corresponding  to  a  VSWR  of  2: 1  is  approximately  20 
percent  In  a  35°  off- broadside  scan  range. 


Figure  8-53.  Active  Impedance  vs  Scan  for 
Array  (b):  Parameter:  f  =  0.9fc,  fc,  and  l.lfc 


8.4.2  PROBE  CURRENT.  Iz(z) 

The  active  array  probe  current  Iz(z)  has  been  computed  using  Eqs.  (7-3)  with  V0  =  1. 

Figures  8-54  and  8-55  show  the  magnitude  and  phase  of  Iz  vs  z/\  for  the  array  (a)  for  three 
probe  lengths  0.15  A.,  0.233  X  (matched  case)  and  0.3  X.  It  is  seen  that  the  magnitude  of  current 
along  the  probe  has  a  basic  sin  k(z  -  ( )  variation.  For  short  probes  (I  <  0.15  A),  the  probe 
current  Is  almost  a  linear  function  of  z,  which  is  expected  since  sin  k(z  ~  l)  -  k(z  -  l )  when 
(/A  <0.15. 


PROBE  CURRENT-AMPLITUDE,  I  lz  (z)  !  (mA) 
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f/X  =  0.15 


Figure  8-55.  Probe  Current  -  Phase  for  Array  (a), 
(<j>o  =  0°);  Parameter:  l/X  =  0.15,  0.233,  and  0.3 


Figures  8-56  and  8-57  exhibit  the  magnitude  and  phase,  respectively,  of  the  probe  current 
distribution  for  array  (b)  for  three  probe  lengths  0.15  X,  0.25  X  (matched  case)  and  0.3  X.  A 
probe  current  distribution  similar  to  that  in  array  (a)  is  found. 
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PROBE  CURRENT  AMPLITUDE,  i  Mz)  I  (mA) 


Figure  8-56.  Probe  Current  -  Magnitude  for  Array 
(b),  (<j>0  =  0°);  Parameter:  l/\  =  0.15,  0.25.  and  0.3 
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//A  =  0.15 


Figure  8-57.  Probe  Current  -  Phase  for  Array 
(b),  (<j)o  =  0°);  Parameter:  l/X  =  0.15,  0.25,  and  0.3 


For  both  arrays  (a)  and  (b),  each  with  the  three  probe  lengths  specified  above,  the  probe 
current  expansion  coefficients  c ''  of  Eq.  (7- 3b)  are  listed  In  Tables  8-20  to  8-25,  for  a  single 
(I  =  1)  and  ten  (I  =  10)  current  terms  In  Eq.  (7-3a). 
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Table  8-20.  Probe  Current  Expansion  Coefficients;  Parameter: 
Total  Number  of  Current  Terms  1  =  1,10  (d/A  =  0.4,  h/A  =  0.369, 

1/ A.  =  0.15,  s/A  =  0.163,  a/A  =  0.0106,  b/A  =  0.0343,  Zc  =  50  Q,  =  0°) 


1 

1  1=1 

1=10 

K1 

mA 

♦r 

Deg. 

I'll 

mA 

♦r 

Deg. 

1”  1 

11.606 

-101.98 

12.147 

-103.79 

2 

0.327 

152.94 

3 

0.733 

-100.281 

4 

0.084 

-161.08 

5 

0.292 

-100.98 

6 

0.055 

-139.39 

7 

0.163 

-101.68 

8 

0.042 

-129.90 

9 

0.107 

-102.26 

10 

0.034 

-124.77 

Table  8-21.  Probe  Current  Expansion  Coefficients;  Parameter; 

Total  Number  of  Current  Terms  I  =  1,  10  (d/A  =  0.4,  h/A  =  0.369, 
lcA  =  0.233,  sc/A  =  0. 163,  a/A,  =  0.0106,  b/A  =  0.0343.  Zc  =  50  £1.  =  0°) 


1 

1 _ 1=1 _ 

1=10  j 

K1 

mA 

♦r 

Deg. 

Kl 

mA 

I 

♦; 

Deg. 

1 

24.221 

177.78 

21.295 

171.90 

2 

2.452 

124.19 

3 

0.673 

-162.97 

0.602 

131.37 

’  5 

0.286 

-167.02 

6 

0.298 

135.01 

7 

0.169 

-170.96 

8 

0.185 

137.62 

9 

0.115 

1  _  -174.17  ] 

1  10 

0.128 

139.64  ! 
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<n  In  Irf  to  to 


Table  8-22.  Probe  Current  Expansion  Coefficients;  Parameter; 
Total  Number  of  Current  Terms  1=1,  10  (dA  =  0.4,  hA  =  0.369, 
(A  =  0.3,  sA  =  0.163,  a  A  =  0.0106,  b/X.  =  0.0343,  Zc  =  50  ft,  60  =  0°) 


Table  8-23.  Probe  Current  Expansion  Coefficients;  Parameter: 
Total  Number  of  Current  Terms  I  =  1,  10  (dA  =  0.6,  hA  =  0.369, 

IA  =  0.15,  sA  =  0.245.  a  A  =  0.0106.  b/X  =  0.0343.  Zc  =  50  a,  ifr  =  0°) 
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Table  8-24.  Probe  Current  Expansion  Coefficients;  Parameter: 

Total  Number  of  Current  Terms  I  =  1,  10  {dA  =  0.6,  h /X  =  0.369, 
lc/X  =  0.25,  scA  =  0.245,  a  A  =  0.0106.  b/X  =  0.0343,  Zc  =  50  LI.  =  0°) 


i 

1 _ 

1=10  i 

K"l 

m  A 

or 

Deg. 

Kl 

m  A 

or  ! 

Deg.  ! 

p  1 

23.138 

174.41 

20.516 

170.44 

2 

2.442 

118.88 

3 

0.604 

-159.56  i 

4 

0.590 

126.69 

5 

0.258 

-164.31  ! 

6 

0.290 

130.35  ! 

7 

0.152 

-168.77  1 

8 

0.179 

f“  132.95  | 

9 

0.103 

-172.45  j 

10 

0.124 

134.99 

Table  8-25.  Probe  Current  Expansion  Coefficients;  Parameter: 
Total  Number  of  Current  Terms  1=1,10  (dA  =  0.6,  b/X  =  0.369, 
l/X  =  0.3.  s/X  =  0.245,  a  A  =  0.0106.  b/X  =  0.0343.  Zc  =  50  LI,  £0  =  0°) 


1 

I _ 1=1 _ 

o 

II 

»— • 

K'l 

m  A 

or 

Deg. 

ic:i 

m  A 

or 

Deg. 

1 

13.321 

144.73 

11.848 

'  146.37 

2 

2.561 

98.03 

3 

0.296 

-134.35 

4 

0.577 

103.52 

5 

0.117 

-145.75 

6 

0.275 

105.54 

7 

0.064 

-155.72 

8 

0.166 

106.93 

9 

0.042 

-164.79 

10 

0.112 

108.04 

It  Is  interesting  to  note  that,  since  the  probe  current  across  the  aperture  should  be 
continuous,  one  could  approximately  determine  the  Input  admittance  simply  from  Eq.  (8-1) 
that  is. 


y»(\)  - 


K  (*=0+) 


v 
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For  V0  set  equal  to  1,  Table  8-26  compares  results  for  the  active  admittance  obtained  from 
Eqs.  (4-44)  and  (8-6)  for  the  geometries  of  Tables  8-20  to  8-25.  In  both  cases  I  =  10.  As  one 
may  see.  the  difference  between  these  two  results  Is  less  than  1  percent  which  substantiates 
the  single  mode  approximation  for  the  field  in  the  aperture. 


Table  8-26.  Comparison  Between  Results  for  Active  Admittance 
Ya  =  Ga  +JBa;  Parameter:  d/X  =  0.4,  0.6  [Array  (a)  :  d/X  =  0.4, 

(A  =  0.15,  0.233,  and  0.3,  sA  =  0.163,  hA  =  0.369.  a/X  =  0.0106. 
bA  =  0.0343,  Zc  =  50  A  <fr0  =  0°;  Array  (b):  d  A  =  0.6,  l/X  =0. 15. 
0.25,  and  0.3,  sA  =  0.245,  hA  =  0.369,  a/X  =  0.0106, 
bA  =  0.0343.  Zc  =  50  G,  =  0°)) 


l/X 

Ya  from  Eq.  (4-44) 

Ya  from  Eq.  (8-6) 

d/X  =  0.4 

d/X  =  0.6 

d/X  =  0.4 

d/X  =  0.6 

Ga 

mS 

Ba 

mS 

Ga 

mS 

Ba 

mS 

Ga 

mS 

B 

a 

mS 

Ga 

mS 

Ba 

mS 

0.15 

2.694 

13.038 

2.168 

12.495 

2.679 

13.093 

2.156 

12.554 

0.233 

20.090 

0.199 

20.066 

0.197 

0.25 

19.380 

-0.006 

19.367 

-0.031 

0.30 

7.179 

-2.189 

9.616 

-2.530 

7.181 

-2.277 

9.619 

-2.618 

8.4.3  COUPLING  COEFFICIENTS,  Sp 

Figure  8-58  shows  the  amplitude  of  the  coupling  coefficients  for  both  arrays  (a)  and  (b). 

The  coupling  coefficients  decay  monotonically  vs  element  number.  As  will  be  seen  in  Figure 
8-59,  for  elements  distant  from  the  excited  monopole  the  coupling  Is  primarily  due  to  the 
parallel  plate  guide  TEM  mode  (launched  by  the  excited  element  and  Its  Image),  the  amplitude 
of  which  decays  as  (pd)  "3/2.  For  this  reason  the  coupling  coefficients  vs  element  number  p 
decay  faster  for  dA  =  0.6  them  for  d/X  =  0.4  as  can  be  seen  from  Figure  8-58.  On  the  other 
hand  lsp|  decays  faster  per  wavelength  for  array  (a)  than  array  (b).  Also  It  Is  Interesting  to 
note  that  S°  =  -9.2  dB  for  d/X  =  0.4  and  S°  =  -13.2  dB  lor  d/X  =  0.6.  which  since  both  arrays  are 
matched  at  broadside,  confirms  the  fact  that  coupling  from  neighboring  elements  to  the 
reference  p  =  0  element  Is  stronger  for  smaller  element  spaclngs. 
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COUPLING  COEFFICIENTS,  |SP|  (dB) 


Figure  8-58.  Coupling  Coefficients  -  Magnitude  for  Arrays  (a)  and  (b) 
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Figure  8-59.  Coupling  Coefficients  -  Phase  for  Arrays  (a)  and  (b) 


Figure  8-59  exhibits  the  coupling  coefficient's  differential  phase  as  defined  In  Eq.  (8-4) 
for  two  element  spacings  For  monopoles  close  to  the  excited  element  the  coupling  Is  due.  in 
addition  to  the  TEM  mode,  to  contributions  ol  higher.  noii-pmp.-igatlng  parallel  plate 
waveguide  modes.  For  elements  further  removed,  the  coupling  ts  primarily  due  to  the  TEM 
mode. 
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8.4.4  ELEMENT  PATTERN, 


An  expression  for  the  held  element  pattern  is  given  in  Eq.  (6-31). 

Figures  8-60  and  8-62  show  the  dependence  of  the  element  pattern  amplitude  on  the 
interelement  spacing  and  frequency.  In  each  case,  the  array  and  element  geometry  are 
appropriate  to  a  broadside  match  at  center  frequency  fc.  There  are  two  basic  differences 
between  the  two  patterns.  First,  broadside  gain  is  higher  for  d/Xc  =  0.6  than  for  d/A.c  =  0.4, 
which  is  expected  since  broadside  gain  is  equal  to  the  unit  cell  gain  (2nd/kc)i^2.  Second,  it  is 
observed  that  while  the  pattern  is  smooth  for  d/\c  =  0.4,  for  dAc  =  0.6  the  element  pattern 
exhibits  a  substantial  drop-off  near  <)>  =  42°.  This  drop-off  is  caused  by  an  end-fire  grating 
lobe  condition  (EGL)  which  occurs  at 


rEGL 


(8-7) 


It  is  observed,  however,  that  no  element  pattern  null  is  found.  This  is  expected,  because  the 
image  array  reduces  the  asymptotic  decay  of  coupling  coefficients. 
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ELEMENT  GAIN,  I  g 


Figure  8-60.  Element  Pattern  -  Magnitude  for 
Array  (a);  Parameter  f  =  0.9fc,  fc,  and  l.lfc 
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Figure  8-6 1 .  Element  Pattern  -  Phase  for 
Array  (a);  Parameter  f  =  0.9fc,  fc,  and  l.lfc 


It  can  be  seen  from  Figures  8-60  and  8-62  that  the  voltage  element  gain  pattern  does  not 
change  significantly  in  a  20  percent  frequency  band.  The  pattern  shape  depends  primarily  o 
d A  as  already  discussed  while  the  broadside  gain  is  governed  by  a  factor 
[(2nd  A)  (1-1  Ta(0)  1 2  ))  1/2.  As  seen  from  Figure  8-62  even  though  the  gain  in  the  broadside 
direction  is  high  within  a  20  percent  frequency  band,  the  element  has  a  very  limited  angulr: 
range  for  practical  applications  (up  to  ±  30°  off-broadside  at  f  =  l.lfc). 
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0  10  20  30  40  50  60  70  80  90 

OBSERVATION  ANGLE,  $  (Deg) 

Figure  8-62.  Element  Pattern  -  Magnitude  for  Array  (b);  Parameter:  f  =  0.9fc,  fc,  and  1.1  fc 


For  the  same  geometry  and  frequencies.  Figures  8-61  and  8-63  exhibit  the  element  pattern 
phase.  One  observes  that  the  phase  varies  only  by  a  few  degrees  up  to  the  EGL  drop-off.  Thus, 
the  EGL  position  essentially  determines  the  limit  of  usefulness  of  the  element,  both  in 
amplitude  and  phase.  Since  the  phase  reference  point  is  at  the  probe  location  we  conclude 
that  the  phase  center  location  is  near  the  probe  element.  This  feature  becomes  important  in 
the  design  of  beamformlng  arrays  on  curved  surfaces. 
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ELEMENT  PATTERN-PHASE,  (Deg) 


Figure  8-63.  Element  Pattern  -  Phase  for  Array  (b);  Parameter:  f  =  0.9fc  ,  f, 


.  and 
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9.  EXPERIMENTS 


This  chapter  describes  the  experimental  effort  and  presents  measured  data  that  strongly 
support  the  validity  of  the  analysis  and  accuracy  of  the  computer  program. 

To  validate  the  theory,  a  30-element  linear  array  of  coaxially-fed  monopoles  in  a  parallel 
plate  waveguide,  and  a  one  and  two-half  element  waveguide  simulator  were  constructed.  The 
array  and  element  construction  are  described.  An  illustrative  method  of  selection  of  optimal 
geometry  for  element  match  in  an  array  environment,  as  well  as  the  dependence  of  important 
design  parameters  on  the  array  and  element  geometry  is  discussed.  The  measured  data  are 
presented  for  active  impedance,  coupling  coefficients,  and  element  patterns.  The 
measurements  show  an  excellent  agreement  with  theoretically  predicted  results. 
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9.1  Anay  Description 


The  experimental  array  is  shown  in  Figures  9-1  and  9-2.  The  array  contains  30  probe 
elements  in  a  (4  x  6  feet)  parallel  plate  guide  set-up.  To  simulate  an  infinite  parallel  plate 
region,  a  5-inch  pyramid  of  absorbing  material  was  placed  along  the  edges  of  the  parallel 
plates.  In  Figure  9-2  the  top  plate  was  removed  to  display  a  section  of  the  array.  Figure  9-3 
shows  schematically  the  top  and  the  side  view  of  the  array  with  relevant  dimensions. 


Figure  9-1.  A  30-element  Linear  Array  of  Coaxially-Fed 
Monopoles  in  a  Parallel  Plate  Region.  See  Eq.  (8-5)  for 
specifications 


'5 


Figure  9-2.  A  30-element  Linear  Array  of  Coaxially-Fed  Monopoles  in  a 
Parallel  Plate  Region  (Top  Plate  Removed  to  Display  the  Array  Elements) 
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Figure  9-3.  Top  and  Side  View  of  Linear  Array 


The  linear  array  parameters  are:  l,  the  length  of  coaxially-fed  monopoles:  h  <  X/2,  the 
parallel  plate  waveguide  height:  d.  the  element  spacing:  s,  the  distance  between  the  probe 
elements  and  the  back-plane;  a  «  X.,  the  probe  radius,  while  a  and  b  are,  respectively,  the 
Inner  and  outer  radii  of  the  coaxial  feed  lines.  The  coaxial  feed  lines  are  filled  with  teflon 
(er  =  2)  and  have  a  characteristic  impedance  Zc  =  50  ohms.  The  geometry  of  the  array  Is 
Identical  to  that  of  array  (a)  In  Eq.  (8-5).  Specific  dimensions  at  center  frequency  fc  =  5.0  GHz 
(Xc  =  2.360  ")  are: 
d  =  0.4  X.c  (0.945") 
h  =  0.369  X.c  (0.872") 
l  =  0.233X.C  (0.550") 
s  =  0. 163  X.c  (0.385") 
a  =  0.0106  X.c  (0.025") 

(»  =  0.0343  X.,.  (0.08 1") 

Zc  =  50  il  (er  =  2). 

The  land  s  were  chosen  to  yield  a  broadside  match  at  f(.  (See  Section  8.4.1).  Parallel  plate 
height  h  a  0.872”  corresponds  to  C-band  rectangular  waveguide  and  was  chosen  for  easy 
emulator  construction. 
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9.2  Monopole  Element  Design 


The  array  elements  shown  In  Figure  9-4  are  Omni  Spectra's  Flange  Mount  Jack  Receptacles 
(model  No.  204  CC,  part  No.  2052-1201-00)  with  a  =  0.025"  and  b  =  0.081".  As  mentioned,  the 
element  dimensions  ((,  and  s)  were  determined  by  the  requirement  that  the  array  be  matched 
for  broadside  scan  ($o  =  0°)  at  center  frequency  fc-  Figure  8-45  displays  a  contour  plot  of 

magnitude  of  the  active  reflection  coefficient  Ta  vs  probe  length  l/kc  and  probe  to  ground 

/*\ 

distance  s/X.  It  Is  seen  that  the  active  reflection  coefficient  r  (<j>  =  0°)  vanishes  when 

v  a  T0 

IAC  =  0.233,  s/Xc  =  0. 163. 


soo  so 


(261 


Figure  9-4.  Coaxial  Monopole  Element 


For  the  above  geometry,  Figure  8-51  exhibits  the  frequency  dependence  of  active  impedance 
at  broadside  scan,  while  Figure  8-52  exhibits  active  impedance  dependence  on  scan  angle  *o  at 
fc.  It  is  seen  that  the  frequency  bandwidth  corresponding  to  a  VSWR  of  2:1  is  approximately 
20  percent  for  a  scan  range  of  35°. 


9.3  Waveguide  Simulator 

To  validate  the  theoretical  predictions  for  active  impedance  a  one  and  two-half  element 
waveguide  simulator  was  constructed.  The  (single  mode)  simulator  is  shown  in  Figures  9-5 
and  9-6.  The  simulator  waveguide  dimensions,  shown  In  Figure  9-7,  are  2d  x  h,  that  is,  1.872 
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x  0.872",  which  corresponds  to  a  standard  C-band  rectangular  waveguide.  The  waveguide  was 
terminated  In  a  matched  load  with  a  VSWR  <  1 .02  over  the  frequency  band  4  to  6  GHz.  In  view 
of  Figure  9-8  and  the  relation 


sin  $ 


'  =  JL 

0  4d  ’ 


(9-1) 


it  is  seen  that  the  device  simulates  scan  conditions  from  <j>0  =  52°  off-broadslde  at  4.0  GHz 
through  <j>0  =  40°  at  5.0  GHz  to  d>0  =  32°  at  6.0  GHz. 


Figure  9-5.  A  One  and  Two-Half  Element  Waveguide  Simulator 
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Figure  9-6.  A  One  and  Two- Half  Element  Waveguide  Simulator 
(Top  Plate  Removed  to  Display  the  Monopole  Elements) 
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Figure  9-7.  A  One  and  Two-Half  Element  Waveguide  Simulator  with  Dimensions 


,  A 

sin  <t>c 


7T 

~  2kd 


Figure  9-8.  Cross  Section  of  Waveguide  Simulator 
Pertaining  to  Relation  Between  Frequency  and  Scan  Angle 
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The  active  reflection  coefficient  measurements  were  performed  with  a  HP- 84 10  Network 
Analyzer.  The  measurement  test  setup  Is  shown  In  Figure  9-9. 


TO  HP  8410  NETWORK 
ANALYZER 


Figure  9-9.  Active  Reflection  Coefficient  Measurements  Test  Set-Up 


Figure  9-10  presents  a  comparison  of  the  theoretical  and  the  measured  active  Impedance  vs 
frequency.  The  Smith  chart  is  normalized  to  50  ohms.  An  excellent  agreement  between 
theory  and  measurement  Is  observed  across  the  entire  band;  the  two  results  for  the  active 
reflection  coefficient  differ  less  than  1  percent  In  magnitude  and  less  than  3  degrees  in  phase. 
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Figure  9-10.  Active  Impedance  vs  Frequency  -  Theory  and  Simulator  Measurements 


9.4  Coupling  Coefficients 

Coupling  coefficients  were  measured  in  an  array  of  30  elements  down  to  -35  dB  in 
amplitude,  which  corresponds  approximately  to  the  seventh  element  from  the  excited 
(reference)  p  =  0  element.  Below  this  level,  the  reflections  from  the  absorber  around  the  edges 
Influenced  the  measured  results. 

Figures  9-11  and  9- 12  present  a  comparison  between  the  measured  and  computed  values  o> 
coupling  coefficients  in  amplitude  and  phase,  respectively.  The  difference  between  the  tw^> 
results  is  less  than  0.3  dB  <n  amplitude  and  less  than  3  degrees  in  phase. 
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COUPLING  COEFFICIENTS,  I  SP  I  (dB) 


Figure  9-11.  Theoretical  and  Experimental  Amplitude  of  Coupling  Coefficients 
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9.5  Element  Pattern 

A  linear  array  of  1 1  monopoles  In  a  parallel  plate  region  was  used  to  measure  the  element 
patterns  on  a  2000-foot  antenna  range.  A  photo  of  the  antenna  on  the  test  positioner  is  shown 
in  Figure  9-13.  The  test  fixture  has  a  semi-circular  E-plane  flare  as  shown  in  Figure  9-14,  to 
impedance  match  the  waveguide  to  free  space.  The  axis  of  rotation  was  at  the  center  element 
probe  location.  This  element  was  connected  to  a  20/20  Scientific  Atlanta  Antenna  Analyzer; 
other  array  elements  were  match-terminated  with  50  ohm  coaxial  loads. 
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Figure  9-13.  Eleven-Element  Linear  Array  on  Far-Fleld  Range 


11  ELEMENT  ARRAY 


Figure  9-14.  Test  Fixture  for  Element  Pattern  Measurements 


Figures  9-15  and  9-16  show  the  amplitude  and  phase  of  the  element  pattern  vs  observation 
angle  <!>  for  the  following  geometry:  h/X.  =  0.3,  d/X,  =  0.72,  1/X,  =  0.22,  a/X.  =  0.019,  b/X.  =  0.062  at 
f  =  3.0  GHz.  The  amplitude  pattern  is  normalized  to  the  unit  cell  voltage  gain  (2xd/X.)1/2.  It  is 
seen  that  the  amplitude  and  phase  curves  are  approximately  constant  up  to  <|>  =  25°  off- 
broadside.  The  amplitude  pattern  exhibits  a  substantial  drop-off  near  <)>  =  25°  while  the  phase 
pattern  begins  to  vary  rapidly  with  the  observation  angle.  The  sudden  change  of  amplitude 
and  phase  patterns  is  caused  by  an  end-fire  grating  lobe  effect  as  explained  in  Section  8.4.4 
which  for  inter-element  spacing  d/A.  =  0.72  appears  at  25°  array  scan  off-broadside. 
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OBSERVATION  ANGLE,  $  (Deg) 


Figure  9-15.  Theoretical  and  Experimental  Element  Pattern  Amplitude 


OBSERVATION  ANGLE,  Z  (Deg) 


Figure  9-16.  Theoretical  and  Experimental  Element  Pattern  Phase 
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Since  the  phase  is  referenced  to  the  center  element.  Figure  9-16  also  Indicates  that  In  the 
region  0°  <  4>  <  25°  the  "phase  center"  coincides  with  the  probe  location.  The  ripple  in  both 
curves  is  caused  by  array  edge  effects. 

The  dashed  curves  In  Figures  9-15  and  9-16  represent  the  theoretical  element  patterns  oi 
the  monopole  element  in  an  infinite  array  environment.  Good  agreement  between  measured 
and  theoretical  results  is  observed. 


10.  CONCLUSIONS 


An  accurate  analysis  is  presented  of  scan  characteristics  of  an  infinite  linear  array  of 
coaxially-fed  thin  monopole  elements  in  front  of  a  perfectly  conducting  backplane  in  a 
parallel  plate  waveguide.  Expressions  for  the  active  admittance,  element  patterns  and 
coupling  coefficients  are  given.  The  relevant  expressions  can  be  also  applied  to  arrays  in  an 
infinite  waveguide  region  as  well  as  to  a  single  monopole  radiating  into  an  infinite  or  semi- 
infinite  parallel  plate  region.  The  numerical  results  lead  to  the  following  conclusions: 

(1)  A  design  method  for  a  matched  array  element  without  inclusion  of  an  extra  matching 
network  has  been  established.  It  is  shown  that  for  a  given  spacing,  scan  angle  and  frequency, 
the  element  can  be  perfectly  matched  by  an  appropriate  choice  of  a  pair  of  values  for  l^/X  and 
scA;  at  least  when  Zc  =  50  Q.  It  is  found  that  the  active  admittance  is  relatively  Insensitive  to 
the  parallel  plate  separation  and  to  the  probe  radius  (as  long  as  characteristic  impedance  of 
the  coaxial  feed  line  is  50  ohms).  The  active  impedance  exhibits  a  significant  dependence  on 
monopole  length  (1/XJ  and  on  its  distance  (s/A.)  to  a  conducting  ground. 

(2)  With  such  element  design,  the  frequency  bandwidth  corresponding  to  a  VSWR  of  2:1  is 
approximately  20  percent  for  a  35°  off-broadside  scan  range. 

(3)  The  element  gain  and  phase  patterns  are  predictable.  The  amplitude  and  phase  curves 

a 

are  approximately  constant  up  to  the  angle  off-broadside  (the  end-fire  grating  lobe 

condition).  The  amplitude  pattern  exhibits  a  substantial  drop-off  near  <>EGL  while  the  phase 

pattern  begins  to  vary  rapidly.  Thus  the  EGL  position  essentially  determines  the  useful  rarge 
of  the  element. 

(4)  The  dipole  phase  center  is  located  near  the  element.  This  information  is  important  in 
design  of  microwave  feed-through  lenses  and  conformal  arrays  because  it  defines  the  effective 
radius  of  curvature  of  the  array  surface. 

(5)  Close  to  the  excited  element  the  coupling  is  due  to  the  TEM  parallel  plate  guide  mode.  :v 
well  as  to  contributions  of  non-propagating  parallel  plate  waveguide  modes.  For  elements 
further  removed,  the  coupling  is  primarily  due  to  the  TEM  mode,  the  amplitude  of  which 
decays  as  (pd)*2/3  for  an  array  backed  by  a  conducting  ground. 

(6)  Simplicity,  low  cost,  polarization  purity,  reasonably  wide  bandwidth,  and  relatlvelv 
nigh  power  handling  capability  make  the  coaxial  monopole  a  practical  element  for  a  me  - 
parallel  plate  regions. 
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(7)  The  close  agreement  of  the  experimental  and  theoretical  results  for  active  Impedance, 
coupling  coefficients,  and  element  patterns  strongly  supports  the  validity  of  the  analysis,  and 
furnishes  a  firm  basis  for  the  matched  element  design  method  that  was  developed. 
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Appendix  A 


Field  Representation  in  Regions  with  Piecewise  Constant  Properties 


A1  DERIVATION  OF  THE  TIME-HARMONIC  FIELD  FROM  SCALAR  POTENTIALS 


As  described  In  Reference  13,  the  electromagnetic  fields  excited  by  tlme-harmonlc  electric 
point  currents  J(r,t)  =  J°  S(r-r')  e  I®1  and  magnetic  point  currents  M(r,t)  =  M°  8{r-r')  e  J0,t  may  be 
represented  at  r  *  r'  as: 


E(r.r')  =  V  x  V  x  zQ  n'(r.r')  -  jwp  V  x  zQ  n"(r,r') 


(A- la) 


H(r.r')  =  Jtoe  V  x  zQ  n'(r.r')  +  V  x  V  x  zQ  n"(r,r') 


(A- lb) 


13  Felsen,  L.  B.  and  Marcuvltz,  N.  (1973)  Radiation  and  Scattering  ofWaixs.  Prentice  Hall, 
Inc.,  Englewood  Cliffs,  New  Jersey. 


where  the  E  (prime)  and  H  (double  prime)  mode  Hertz  potentials  IT  and  IT',  respectively,  are 
related  to  the  scalar  potential  functions  S'  and  S"  via 


n'(r.r')  =  -L-  J°*  V'  x  V'  x  z  S'(r.r')  -  M°  •  V'  x  z  S'(r.r') 
jtoe  °  ° 


(A- 1  c) 


(A- Id) 


The  longitudinal  electric  current  element  J°  =  zQ  J®,  M°  =  0,  contributes  only  to  n'(r.r'), 
thereby  exciting  E-modes  only,  and  a  longitudinal  magnetic  current  M°  =  z0  M®,  J°  =  0. 
generates  only  H-modes,  whereas  both  mode  types  are  excited  by  a  transversely  directed 
source 

of  either  electric  or  magnetic  current.  If  E(r,r')  and  H(r,r')  satisfy  the  Maxwell  field  equations 
for  point  current  excitation,  then  S'(r.r')  and  S"(r,r')  satisfy  the  differential  equation 

(v2  +  k2)  S'(r.r')  =  8(r-r')  (A-2a) 

(v2  +  k2)  V2  S"(r.r')  =  8(r-r'),  k2  =  a?  ne  (A-2b) 


subject  to  appropriate  boimdary  conditions.  By  defining 

-V2  S'(r.r')  =  G'(r.r')  (A-3a) 

-V2  S"(r,r')  =  G"(r,r')  (A-3b) 


one  may  relate  S'  and  S"  to  the  corresponding  Green's  functions  G  and  G"  of  the  scalar  wave 
equations  by 


(v2  +  k2)  G'(r.r')  =  -8(r-r') 


(A-3c) 
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(v2  +  k2)  G"(r,r')  =  -8(r-r'). 


(A-3d) 


Since  an  arbitrarily  oriented  source  may  be  decomposed  Into  a  transverse  and  longitudinal 
part,  it  is  useful  to  list  the  corresponding  reduction  of  (A-lc)  and  (A- Id)  for  these  separate 

cases.  When  the  source  is  transverse  (j°  =  M°  =  o), 


n'(r.r')  =  f -L-  J°  —  +  M°  x  zn)  •  V'S'(r.r') 

(j«e  *  a*'  1  °j  1 


(A-4a) 


n-(r.f)  =  A)  -v;s-(,.D 


(A-4b) 


whereas  for  a  longitudinal  source  =  M°  =  oj. 


(A-4c) 


rT(r.r')  =  — ^-G'Yr.r'). 
v  '  Jtop  v  ' 


(A-4d) 


From  transmission  line  analysis  along  the  z  axis,  with  eigenfunctions  evaluated  in  the  cross 
section  transverse  to  z,  one  has  the  following  solutions  of  Eqs.  (A-2)  and  (A-3)  in  terms  of  a 
modal  expansion: 


S'(r.r')  =  J-X  1^>)  y;(z,z').  k;  *  0 


joe  ,  v 

Kti 


(A- 5a) 
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S-(r.r')  =  -L_  X  ^  Z;(z.z').  k~  *  0 

JCDfi  •  “*>  1  u 


"2 

Si 


(A-5b) 


or. 


G'(r.r')  =  j-L  £  ^(p)  *>')  Y;  (z,z') 


(A- 5c) 


G"(r,r') 


(A-5d) 


It  Is  recalled  that  4>,(p)  and  T^p)  are  scalar  eigenfuctlons  that  have  been  listed  In  Reference  13 
for  a  variety  of  cross  sections.  The  Yj(z.z')  and  Z  "(z.z')  are,  respectively,  the  E-mode  current 
excited  by  a  unit  voltage  generator  and  the  H-mode  voltage  excited  by  a  unit  current  generator, 
and  they  are  related  to  the  one-dimensional  E-and  H-mode  Green's  functions  by 


Y;(z,z')  =  Jtoe  g^(z,z’)  (A- 6a) 

z;(z,z’)  =]M(1  g;(z,z')  (A-6b) 


where  g'^fz.z')  and  g"i(z,z')  satisfy  the  equation 


( 


\ 


d2 


l 


> 


gjz.z')  -  -S(z-z') 


(A- 6c) 


with 


K 


2 

I 


(A-6d) 


subject  to  appropriate  boundary  conditions  at  the  endpoints  of  the  z  domain. 
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A2  MODAL  REPRESENTATION  FOR  UNBOUNDED  CROSS  SECTIONS 


Because  there  are  no  transverse  boundaries,  the  eigenvalue  problems  for  the  E-  and  H- 
modes  are  Identical  so  that  4>|  =  'Fj ,  and  the  distinction  between  the  E-  and  H-mode  Green's 
fuction  resides  solely  In  their  longitudinal  dependence.  For  the  circular  waveguide 
description  of  G(r.r')  (with  ij  denoting  kt). 


X  tJjMJjWMzjr-.'Jdi.  (A-7) 

m  =-■*>  JO 


It  will  be  useful  to  employ  a  representation  Involving  a  range  of  Integration  In  E,  from  -  to  «> 
instead  of  Eq.  (A-7).  Provided  that  g  Zl(z,z')  is  an  even  fuction  of  a  requirement  satisfied  by 
the  longitudinal  Green’ s  functions  to  be  encountered  subsequently,  the  desired  representation 
may  be  derived  as  follows.  Upon  introducing 


=  I 
2 


«!>) + 


*<?(*) 


(A- 8) 


where  H^(£p)  and  H<2^(Ep)  are  the  Hankel  function  of  the  first  and  second  kind  of  order  m 

m  ^  m 

and  argument  Ep.  One  may  write  Eq.  (A-7)  as 


(A- 9a) 


where 


(A-9b) 
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lA-9c) 


W  j0 


If  the  range  of  4  is  to  be  extended  to  4  -  -  »,  the  4  =  0  branch-point  singularity  arising  from  the 
presence  of  the  Hankel  function  land  also  of  the  Bessel  function  in  (A-7)],  must  be  accounted 
for  in  the  integrands  of  Ij  and  I2,  since  m  is  not  an  integer.  To  assure  single- valuedness  of  the 
intregrands  when  continued  into  the  complex  4  plane,  we  introduce  a  branch  cut  along  the 
negative  real  4  axis  (see  Figure  A-l).  The  following  parametric  relations  then  provide  the 
means  for  mapping  4  into  -  4  (0  <  4  <  °°): 


J  (xe-*”)  =  e^™"  J  (x)  (A- 10a) 

m  m' 

(A- 10b) 

m  m  v  ' 


Suppose  we  Introduce  the  change  of  variable  4  =  4  e  --*It  hi  the  integrand  of  I  j  in  Eq.  (A-9b). 
Then, 


4  =  4e,n  (A-l  la) 

d 4  =  e**  d  4  (A-l  lb) 


and 


J" 


4H(*)(4pe’') 


X4VeJ0 


d4 


(A-l  lc) 


or. 
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Figure  A- 1 .  Integration  Path  in  the  Complex  Plane 


The  contour  of  integration  extends  along  the  bottom  edge  of  the  branch  cut  and  the  positive 
real  axis  as  is  shown  in  Figure  A-l.  The  alternative  expression  with  p  and  p'  interchanged, 
given  by  the  second  integral  in  Eq.  (A- 12),  is  deduced  by  representing  Jm(^p')  in  Eq.  (A-7)  in 
terms  of  the  Hankel  function  contribution  in  Eq.  (A-8).  and  proceeding  as  above.  The  integral 
representations  in  Eq.  (A- 12)  permit  deformation  of  the  contour  of  integration  into  the 
complex  ^-plane.  To  show  this,  we  examine  the  asymptotic  behavior  of  the  Bessel  and  Hankei 
functions  for  large  values  of  their  argument: 
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J  (z)  ~  \l  -2-  cosf z  -  EUt  -  &Y 
®w  V  nz  V  2  4/ 


z  |  ->  »,  -x  <  arg  z  <  rc 


(A- 13a) 


h(12) 

m 


(z)~ 


|  z  |  -»  =»,  -ji  <  arg  z  <  x 


(A- 13b) 


where  z  Is  a  complex  variable  whose  argument  lies  between  -  x  and  +  x.  If  lm(z)  <  0  ,  the 
magnitude  of  H^{z)  decays  like  exp(-Im(z|],  while  that  of  Im(z)  >  0  Increases  like  exp  llmlz)], 
so  that 


h?«pK 


►  (imUj)fp-(fj 


nfpp'  I  %  | 


I  £  I  -» «°,  -x  <  arg  4  <  0. 


(A- 14) 


For  p  >  p'  the  Integrand  of  the  first  integral  in  Eq.  (A- 12)  therefore  decays  exponentially  over 
an  infinite  semicircle  in  the  bottom  half  of  the  complex  ^-plane,  while  for  p  <  p\  the 
integrand  of  the  second  Integral  exhibits  a  similar  behavior. 

The  contour  C2  In  Figure  A- 1  can  thus  be  deformed  away  from  the  real  axis  at  1^1  -»  ~  into 

path  C'2  In  the  bottom  half  of  the  ^-plane;  In  consequence,  the  Green  s  function  in  Eq.  (A-9a) 
can  be  represented  as 


OfrrO-jL  2  e-J-Mf  4  J  JfrJ  (te.)  dt 


Jc 


C2 


(A- 15) 


where  p<  and  p>  denote  the  lesser  and  greater,  respectively,  of  the  quantities  p  and  p'.  The 

choice  of  transformation  involving  Instead  is  motivated  by  the  fact  that,  for  a  time 
dependence  exp  (Jtot).  the  former  satisfies  the  radiation  condition  at  p  -» °°  in  a  natural 
manner  and  facilitates  subsequent  asymptotic  evaluation  of  the  integral. 

2 

Since  k{1  =  for  a  circular  waveguide  representation,  it  follows  from  Eqs  (A-5a), 

(A-5b),  (A-6a)  and  (A-6b),  that  in  cylindrical  coordinates. 
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S(r.r')  =  -L 
4it 


T  1 

Jci4 


\  HlnO>)  8zi(Z'Z':Kt)  d  * 


where  g  ^fz.z':*,)  depends  on  ku  through  the  longitudinal  propagation  constant 


Ki  =  ^k2~ku’ 


<  0. 


(A- 16a) 


(A- 16b) 
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Appendix  B 


Magnetic  Ring  Source  In  An  Infinite  Parallel 
Plate  Waveguide  -  Radial  Mode  Representation 


B  1  RADIAL  TRANSMISSION  LINE  REPRESENTATION 


In  this  Appendix  we  derive  expressions  for  the  fields  in  the  parallel  plate  region  due  to  a 
magnetic  ring  source  of  width  (b-a)  by  an  approach  in  which  the  propagaUon  direction  is 
assumed  to  be  radial.  The  problem  is  simplified  by  first  considering  magnetic  ring  source 
excitation  with  M(p'.z')  =  5(p  -  p')  8{z  -  z'),  (z'=0),  and  then  obtaining  the  total  response  by  use 

of  the  superposition  theorem. 

Since  the  magneUc  source  is  transverse  (to  p)  with  d/dtf  =  0,  only  E-modes  with  respect  to  p 
are  excited.  Field  components  transverse  to  p  can  be  expressed  in  the  form 


Ez(p,<J>.z)=  £  V,'1(P)e 

n=0 


IB- la) 
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Ht(p.<M)=  s  i;(p)h;n(p.4».z) 


(B-lb) 


where  the  E-mode  transverse  vector  eigenfunctions  e'zn  and  h^n  are 


e'  (A.r)  =  — L.  a  _a.  cos 
zn  V2^  V  h  h 


(B-lc) 


h  1  (p,<h,z)  as  _  1  a/ -B-  A-  COS 

♦n  V2jt  V  h  p  h 


(B-ld) 


,  .  I1  n-° 

n  |_2,n2  1 


(B-le) 


The  e  zn  and  possess  the  following  orthonormality  properties  over  the  cross-sectional 


domain  S 


JJ'”*”"'  p0 


dS  =  8  ,  dS  =  p  d<J>  dz. 

mn  r 


The  asterisk  denotes  the  complex  conjugate,  and  the  Kronecker  delta  is. 

8  =  0,  m  *  n;  8  =  1.  In  Eq9.  (B-la)  and  (B-lb)  the  total  modal  voltage  and  current  are 


V>P'> 


(B-3a) 


204 


(B-3b) 


where  Vn(p,p')  and  In(p,p')  are  voltage  and  current  at  p  due  to  point  sources  v^(p')  and  1  '  (p')  at 
p'.  Since  M(p',z')  Is  transverse  (to  p),  the  magnetic  current  ring  source  can  be  represented  by  a 
point  voltage  generator  v  ^(p')  on  an  equivalent  radial  transmission  line  at  p\  where 


v”<p)= JJ 

source 


M(p.p')  •  h*  (p',<i>'.z')  dS 


♦o  M(A) 


1 

V2 n 


i  cos  M  z'  p'  dp'  =  -mV2ji 
P'  h 


(B-4) 


The  radial  transmission-line  equations  that  apply  to  the  Indicated  point-source  excitation  are 


f  v'(p,p')  =JK  Z'll'(p,p')  +  V’(p') 
dp  n  r  ’  J  n  n  p  nvr  r  ’  nVK  ' 


(B-5a) 


-d-I  '(p,p')=jK  Y'  pv'(p,p') 

dp  nvr  r  '  J  n  n  r  r  ' 


(B-5b) 


where 


Z'  = 

n 


(B-5c) 


K 

n 


(if)  •  Im{Kn}S0- 


(B-5d) 


To  determine  V  ^(p.p')  and  I  ^(p.p')  we  first  determine  the  amplitude  of  the  voltage  and  current 
at  the  generator  terminals  p^  and  p'+  .  The  determination  of  voltages  V  n(p.p')  and  currents 
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I  ^(p.p')  at  any  point  p  on  a  transmission  line  with  constants  and  Zn  then  follows  from  Eq. 
(B-5). 


To  that  end,  we  consider  the  network  problem  shown  in  Figure  B-l,  where  Z  (p')  and  Z(p') 
are  the  impedances  seen  looking  to  the  left  and  to  the  right,  respectively,  from  the  generator 
terminals. 


Figure  B-l.  Network  Representation  for  Voltage  Point- Source 
Excited  Radial  Transmission  Line 


The  voltage  Vf'(p)  satisfies  Bessel’s  differential  equation 


A-  -d -  { p  -d-1  +  k2  V '  (p)  =  0 
P  dp  V  dp )  nJ 


(B-6a) 


and  for  p  <  p'  the  solution  can  be  written  in  the  form 


V»=JKnZ'nJo(KnP)’  P  <  P'‘ 


(B-6b) 


Substituting  Eq.  (B-6b)  into  Eq.  (B-5a), 


;(p>  =  KnpJ1(K :np). 


(B-7) 


Using  Eqs.  (B-6b)  and  (B-7) 
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V»«L  ,z;jo(v') 


Similarly,  for  p  >  p',  the  solution  of  (B-6a)  Is 


v»=)K„z;H'2VnP)-  e>e' 


(B-9a) 


and  after  substitution  Into  Eq.  (B-5a), 


(B-9b) 


from  which  we  get 


>-(p;)  p 


(B-9c) 


By  conventional  network  analysis  it  is  seen  that 


2(p) 


(B-lOa) 


v,;(  p>')  -  v,;(p')  ^ 

Z(p ) 


(B-lOb) 


where 
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Z(p')=Z(p')  +  £(p'). 


(B-lOc) 


Substitution  of  Eqs.  (B-8)  and  B-9c)  Into  Eq.  (B-10)  yields 


v;(  k-o  -  ->  v>'>  <Wo  J,(V) 


(B-lla) 


vA(p:p')--j  ^  v^<p')j0(tnp')  h“(v) 


(B-llb) 


Z(p')  =  —  -Q-  - 1 — — 

Jl(V')Hf(KnP') 


(B-llc) 


where  we  have  used  the  Wronskian  relation 


wk('„p’).  Hf(v')]  «S*Wo -Mv )  H»  Wo 


(B-lld) 


In  view  of  (B-6b)  and  (B-9a)  the  modal  voltage  on  the  radial  transmission  line  at  p  due  to 
the  point  source  at  p'  follows  from  Eqs.  (B-lla)  and  (B- lib),  that  is. 


VW)  =  -J^  v>-){J.(vOHi2W)-  p>p- 
2  k(v)Hf'(yO  p<p' 


(B-12a) 


or  upon  substitution  of  Eq.  (B-4)  forv  '(p') 
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(B-12b) 


.  ,  k  ni2n  V. 

V>P')— J-"— -T-2 
2  In  b 
a 


'Mv')  ho2)(v)-  p  >  p' 

Jo(K„P)  H<l2)(KnP')-  P  <  P' 


Equation  (B-12b)  can  be  briefly  checked  by  noting  that  the  Identity 

v:,(p>')  ♦  v>'>-  v;(  <>>')= ° 


(B- 13) 


must  be  satisfied.  Substituting  Eqs.  (B-l  la).  (B-l  lb)  and  (B-4)  Into  Eq.  (B-13)  one  finds  that 
Indeed  Eq.  (B-13)  holds. 

The  modal  voltage  due  to  the  magnetic  ring  source  of  width  (b-a)  can  now  be  obtained  from 
Eq.  (B-3a)  where  the  Integration  over  p'  extends  over  the  source  region.  Thus, 


V»  =  -J 


k  JtV2jt  V 

n  0 

2  ln*> 
a 


h!>2)(v) 

J  Jl(K„P')dP' 

Ho2)(V) 

j  Jl(KnP')dP'+Jo(KnP) 

Jo(KnP)  J 

1 

a 

p  £b 


I 


H(i2)(KnP')dP’  aSPsb 


.  p<a 


mi2nVn 

=  J - °- 

2  1nb 
a 


Ho’(V>) 

Jo(K„P)  Hi2>(K„b)  -ho2>(V)  jo(V)'  a  s  P  5  b 

Jo(KnP)  Mn  '  P  -  3 


(B-l  4a' 


where 
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Substituting  Eq.  (B-14)  Into  Eq.  (B-la)  with  ezn  defined  In  Eq,  (B-lc),  we  see  that  the  z- 
component  of  the  electric  field  due  to  the  magnetic  current  ring  source  at  z  =  0  In  an  infinite 
parallel  plate  waveguide  Is 


(B-14b) 


(B-  14c) 


E(r)=  I  V»ezn(*.z) 

n  =  0 


rV 


=  j - 9 —  V  e  cos  Bit  z 

2hlnbnton  h 


Hi2)(  V)  \ 


.  p  £b 


JoM  H?V„b)-Ho,(«„P)  Jo(V>)'  a  s  p  s  b  I®-15' 


Jo(V>)  «„ 


,  p  Sa 


The  magnetic  field  H^,(r)  can  be  obtained  from  Eq.  (B-lb)  using  Eqs.  (B-5a)  and  (B- 12)  as 
demonstrated  below.  From  Eq.  (B-5a)  at  p  *  p'. 


Z' 

>  ii 


-d-  v'(p.p') 

dp  nV 


(B-16) 


Substitution  of  Eq.  (B- 12)  into  Eq.  (B-16)  yields 


I>P')  = 


k  oni 2n  V 

_y  _  _  0 

Z  '  2  In  b 

n  a 


J,(v>)Hf(v>)- 


p  >  p' 
p  <  p' 


(B-17) 


Consequently,  using  Eq.  (B-3b)  one  has 
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.  p  £b 


+  J 


l(KnP)f  aSp  5b 

J  P 


.  p  5  a 


(B-18a) 


or 


I 


» 


pjtV2^V0 

Z  '  2  In  b. 
n  a 


Hf’(V)  \  ■  l>2b 

J^rtJ,(V)  Ho’(\b)-HfV„P)Jo(,c„a)-  asPsb 

IV 

Jl(K„P)Mn  •  P-a 


(B-18b) 


Thus,  from  Eqs.  (B-lb),  (B-ld)  and  (B-18b),  the  magnetic  field  due  to  a  magnetic  ring  source  of 
width  (b-a)  is 
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*yp>z) = K%v0  x 

ll  =  0 


£ 

n 


cos  z 
h 


Hf’(v)j„  ■  »2b 

l~*j  ,(V>  H£Vnb>  -  Hf'(V>)  Jo(V>  a  £  P  £  b 

tr 

Jl(KnP)Hn  • 


(B-19a) 


where 


K  = - S - . 

2h  In  t 
a 


(B-19b) 


B2  RADIAL  MAGNETIC  GREEN  S  FUNCTION  REPRESENTATION 


The  expressions  for  the  electromagnetic  field  in  an  infinite  parallel  plate  region  due  to  an 
annular  aperture  driven  by  a  coaxial  transmission  line  are  derived  in  this  section  by  an 
alternative  method  using  a  magnetic  Green's  function  G*m*. 

An  open-ended  aperture  oi  a  coaxial  line  of  inner  and  outer  radii  a  and  b,  respectively,  is 
considered  to  be  located  on  the  bottom  plate  of  the  perfectly  conducting  infinite  parallel  plate 
waveguide  of  height  h  as  shown  in  Figure  B-2.  A  cylindrical  coordinate  system  (p.<|>,z)  is  chosen 
with  z  along  the  axis  of  rotational  symmetry  of  the  annular  aperture.  The  aperture  electric 
field  is  assumed  to  be  that  of  the  TEM  transmission  line  mode 


E(p,z=0)  =  pQ 


a  <  p  <  b 


(B-20) 


where  V0  is  the  modal  voltage  at  the  aperture. 
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Figure  B-2.  Coaxially  Driven  Annular  Aperture  in  an  Infinite  Parallel 
Plate  Waveguide 


Using  the  equivalence  principle,  the  problem  of  Figure  B-2  becomes  that  of  a  magnetic  ring 
source  in  the  infinite  parallel  plate  waveguide  as  shown  in  Figure  B-3,  where  the  magnetic 
current  density  is 


M(p,z;t)  =  M^p.z)  e }  mt :  a  <  p  <  b 


(B-2  la) 


with 


ivyp.zj  =  - 


(B-2  lb) 
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Figure  B-3.  Annular  Magnetic  Current  Ring  Source  in  an  Infinite 
Parallel  Plate  Waveguide 


To  determine  the  P  Jr’  -  m  the  parallel  plate  region  due  to  the  magnetic  current  density  of 
Eq.  (B-21a)  it  is  convenient  to  formulate  the  problem  in  terms  of  the  single  component  of  the 
magnetic  field  H We  readily  find  that  H  4  satisfies  the  differential  equation 


d_ 

dP 


2  d\ 

+k  v^=Jo)€<>M* 


(B-22a) 


which  follows  from  Maxwell's  equations 


VxE  =  -Jo>n0H-M 


(B-22b) 


Vx  H  =Jtoe0E 


(B-22c) 


with  d/dfy=0.  The  condition  d/d^-0  is  due  to  absence  of  angular  variation  of  M  *  and  the 
rotational  symmetry  of  the  structure. 

The  associated  electric  field  components  are 
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9H. 

E  =- -J _ * 

p  JcoeQ  3z 


(B-23a) 


E  =  — 1—  i  —  (pH  \ 

z  J“e0  p  '  *' 


(B-23b) 


Ea  =  H  =  H  =  0. 
♦  p  z 


(B-23e) 


The  solution  of  Eq.  (B-22a)  can  be  written  In  terms  of  a  magnetic  Green's  function  as 


f  b 

H*(p-Z)  =  -J  ®  eo  M*(p'-Z')  G(m)(p.z;p',z')  dp'. 

Jp'=a 


(B-24) 


The  Green's  function  G,m)  which  represents  the  magnetic  field  due  to  a  unit  magnetic  current 
loop  (shown  In  Figure  B-4)  satisfies  the  differential  equation 


-a  1.  i-  (PG(m))l  +  k2G(m)  +  1°  =  — 5(p— p')  8(z-z'). 


8p  [P  3p 


(B-25) 
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Figure  B-4.  Unit  Annular  Magnetic  Current  Loop  In  an  Infinite 
Parallel  Plate  Waveguide 


An  appropriate  solution  to  Eq.  (B-25)  can  be  written  in  the  form 


>(m) 


(p,z;p',z')  =  Xogn(P-P')  cos  z  fn(z')- 


(B-26) 


Substituting  Eq.  (B-26)  Into  Eq.  (B-25)  and  then  multiplying  both  sides  of  Eq.  (B-25)  by 
cos  (nrcz/h)  and  integrating  from  z=0  to  h,  where  we  use  the  orthogonality  property  of  the 
eigenfunctions  and  the  integral  property  of  the  delta  function,  we  obtain 


f  (z')  =  -n.  cos  0-5.  z' 
■lV  ;  h  h 


(B-27a) 


where 


{1.  n=0 
2,  n  >  1 


(B-27b) 
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Substitution  of  Eq.  (B-26)  into  Eq.  (B-25),  and  then  Eq.  (B-25)  into  Eq.  (B-24)  yields  the 
differential  equation  for  the  radial  Green  s  function  gn: 


'1  d  pi 

p  dp  dp 


^]gn(p.p')  =-5(p-p'). 
P 


(B-28) 


The  solution  for  gn,  which  satisfies  the  homogeneous  differential  equation  corresponding  to 
Eq.  (B-28)  is 


gn(p.p')  = 


Aji(v)  • 

BnfW). 


p<p' 

p>p' 


(B-29) 


(2) 

which  ensures  flnlteness  of  gn  at  p=0  and  decay  of  gn  as  p  — »  °o.  The  Ji(Knp)  and  H1  (xr^p) 
denote  Bessel  functions  of  the  first  kind  and  Hankel  functions  of  the  second  kind,  both  of  first 
order.  To  determine  the  coefficients  A  and  B.  we  use 


gn(p'+A.p')  =  gn(p'-A,p')  ,  A  0 


(B-30a) 


dgn(p.pQ 
dp 


,p’+A 


=  -l 


p'-A 


(B-30b) 


which  gives  a  system  of  two  simultaneous  algebraic  equations 


;Ji(V') 

iJi(KnP') 


h',2)(v') 

Hf'(v') 


" 

- 

A 

0 

B 

. 

x 

K 

n 

(B-30c) 


Solving  Eq.  (B-30c)  we  find 
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(B-31a) 


B= 


(B-31b) 


where  we  used  the  relation  for  the  Wronskian 


w{Jv»H“'w}— 


(B-31c) 


Consequently, 


(B-32) 


Substituting  Eqs.  (B-26)  and  (B-32)  into  Eq.  (B-25),  the  Green's  function  G(m)  Is 


G<m)(p,z;p',z')  =  -  2  e„  ^(V,)  H®^)  cos  M.  z  cos  SA  z'  . 


(B-33) 


Using  this  result  In  Eq.  (B-24)  we  can  now  determine  the  due  to  a  magnetic  current 
distribution  (Eq.  (B-21b)].  After  Integration  we  get 
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'? (V) [Jo(K„b)-Jo(V)]  :  V-b 

~  *  j |(V)  Ho“(«nb)  -  «f ( V)  Jo(V);  a  s  P  5  b 

ir 

'itViWWOXW)]  :  PSa. 

wlvich  upon  substitution  Into  Eqs.  (B-23a)  and  (B-23b)  gives  the  field  components  Ep,  Ez. 
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Appendix  C 


Cylindrical  Electric  Current  Source  In  An  Infinite  Parallel 
Plate  Waveguide  -  Radial  Mode  Representation 


C  1  RADIAL  TRANSMISSION  LINE  REPRESENTATION 


In  this  Appendix  we  derive  expressions  for  the  fields  In  the  parallel  plate  region  due  to  a 
(transverse  to  p)  circular  cylindrical  electric  current  source 


Jt(r')  =  *0J2(z')  5(p-a),  OSz'S! 


IC-l) 


by  an  approach  where  the  propagation  dlrecUon  is  assumed  to  be  radial. 

Since  the  electric  current  is  transverse  (to  p)  with  3/dd>'  -  0.  only  E-modes  with  respect  to  p 
are  excited.  RelaUons  for  the  fields  Ez  and  with  corresponding  vector  eigenfunctions  e'  . 
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h '  are  given  by  Eq.  (B-l).  Since  J(r')  =  Jt(r')  Is  transverse  (to  p),  the  electric  current  source  can 
be  represented  by  a  point  current  generator  1  ^(p')  on  an  equivalent  transmission  line  at  p'  =  a, 
where 


HI 


Jt(r').e^(p\f.z')dS'. 


(C-2) 


Substituting  Eqs.  (C-l)  and  (B-lc)  Into  Eq.  (C-2)  gives 


'(p')=r  f  z_J  (z')  •  z  -i—  cos  z'  p' d  <>'  dz'  =  V2n  a  d/^L  I  5(p-a) 

"  I'=o  L=o  02  °^Vh  hHV  V  h 


(C-3a) 


where 


I 

n 


cos  z'  dz'. 
h 


(C-3b) 


The  V^(p)and  I ^ (p)  In  Eq.  (B-l)  satisfy  the  radial  transmission  line  equations 


(C-4a) 


_  Jl-  I' (p,  =  Jk  Y '  pV'(p)  +  i' (p') 
dp  n'r/  J  n  nr  nvr/  nxr  ' 


(C-4b) 


where  Z '  ,  Y '  and  k  n  are  given  by  Eqs  (B-5c)  and  (B-5d). 

As  in  Appendix  B,  to  determine  V'^fp)  and  I  '  (p)  we  first  determine  the  amplitude  of  the 

voltage  and  current  at  the  generator  terminals  p  1  and  p  The  voltage  V  jp)  and  current  1  '  (p) 
at  any  point  p  on  a  transmission  line  with  constants  xn  and  Zn  then  follow  from  Eq.  (C-4). 
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To  that  end,  we  consider  the  network  problem  shown  in  Figure  C-l,  where  Y  (p')  and  Y  (p'j 
are  the  admittances  seen  looking  to  the  left  and  to  the  right,  respectively,  from  the  generator 
terminals. 


Figure  C- 1 .  Network  Representation  for  Current 
Point-Source  Excited  Radial  Transmission-Line 


The  Y  (p')  is 


=j 

V„(P1) 


Y  ,W) 

“  Jo(V') 


(C-5) 


where  Eqs.  (B-6b)  and  (B-7)  for  V'n(p')  and  I  ^(p')  have  been  used.  Similarly,  using  Eqs.  (B-9a) 
and  (B-9b), 


Y(p') 


["K)..Y  q>  Hi2)(KnP<) 
vn(p;)  n  h;2)(V')  ‘ 


(C-6) 


We  define 


«-  .  2Y 

y(p')“y(p')  +  y(p')“--k" 

n 


(2), 


Jo(K„P')H0  (Kn  P') 


(C 
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where  we  have  again  used  the  Wronskian  relation  (B-l  Id).  Consequently,  the  modal  voltage  at 
the  generator  terminals  is 


v  O  ■  ■ v  >')  - -  ^  -  - 1  ’>') 


Y(p') 


2Y 


Jo(V')  Ho 


(2) 


(KnP  ) 


(C-8) 


In  view  of  Eqs.  (B-6b)  and  (B-9a)  the  modal  voltage  on  the  radial  transmission-line  at  p  due  to 
the  point  current  source  at  p'  =  a  follows  from  Eq.  (C-8),  that  is. 


v>.p')  =  -i  >') 


71 K 

_ n_ 

2Y 

n 


J0(KnP')  H02W)-  P  -  P' 

lJo(KnP)H02)(KnP')'P^P' 


(C-9a) 


or  upon  substitution  of  Eq.  (C-3a)  for  i  '(p'  =  a) 


V'(p.p') 


V2n  a7tK 

_ n. 

2Y 

n 


Jo(KnP')Hi2)(KnP)P^P' 
Jo(KnP)  H02)(KnP>  P  S  P' 


(C-9b) 


Consequently, 


f  ,  .  .  i2n  Ttax  ftT 

J  n 


Jo(Kna)  H02)(KnP)'  P  *  P' 


,(2) 


J0(KnP)H0  (V)'PSP' 


(C-10) 


Substituting  Eq.  (C-10)  into  Eq.  (B-la)  with  em  defined  In  Eq.  (B-lc).  the  z-componenl  of  the 
electric  Held  due  to  the  circular  cylindrical  electrical  current  distribution  of  Eq.  (C-l)  in  an 
infinite  parallel  plate  waveguide  is 
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ic-ll) 


Ez(r)=  X  v  >)*»(♦•*) 

n  =  0 


_ 7ta 

2hcoe, 


n  =  0 


e  k  C  (z)  I 

n  n  nx  '  n 


J0(Kna)  H02,(V)'  P  2  3 

Jo(KnP)H02)(Kna)'P^a 


Notice  that  Eq.  (C -11)  Is  Identical  to  Eq.  (3- lib)  obtained  by  an  alternate  analysis  based  on  an 
axial  transmission  line  representation. 

The  magnetic  field  can  be  obtained  from  Eq.  (B-lb)  where  I  ^(p)  follows  from  the 
transmission  line  equations  (C-4a)  and  (C-10).  Hence  at  r  *  r\ 


pY  .  V2 n  jra  k  p 

I  '(p)  =  .jLn  d.v'(p)  =  -J - oE 

n  '  k  dp  nK  2 

n  r 


Jo(Kn3)  H<2)(KnP)-  P  S  3 
Jl(KnP)H!.2)(Kna)-PSa 


(C-12) 


Substitution  of  Eqs.  (C-12)  and  (B-ld)  Into  Eq.  (B-lb)  yields 


Jo(V)  H!2)(KnP)'P-a 

Jl(KnP)  Hi2)(Kna)-PSa 


(C-13) 


which  is  the  same  as  Eq.  (3-13). 


C2  RADIAL  ELECTRIC  GREEN'S  FUNCTION  REPRESENTATION 


In  this  section  we  derive  expressions  for  the  electromagnetic  field  In  an  Infinite  parallel 
plate  region  due  to  a  circular  cylindrical  electric  current  source  via  an  alternative  radial 
electric  Green's  function  representation. 

The  geometry  under  consideration  Is  shown  in  Figure  C-2  where  a  and  I  are  the  radius  and 
length  of  the  cylindrical  source  and  h  Is  the  height  of  the  Infinite  parallel  plate  waveguide.  A 
cylindrical  coordinate  system  (p,6,z)  with  unit  vectors  (p0,$0,z0)  is  chosen  so  that  the  z  axis 
coincides  with  the  axis  of  the  cylindrical  source.  The  source  electric  current  density 
distribution  Is  assumed  to  be 
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J(p,z;t)  =  zQ  8{p-a)  Jr(z)  eJ  **, 


0  Szil. 


(C- 14) 


Figure  C-2.  Circular  Cylindrical  Axial  Electric  Current 
Source  in  an  Infinite  Parallel  Plate  Waveguide 


Since  the  current  density  is  axial,  the  electromagnetic  fields  can  be  derived  from  a  single 
component  of  vector  potential  A^p.z)  satisfying 


v2Az(p.z)  +  k2Az(p,z)  =  -n0  5(p-a)  Jz(z), 


IC-15) 


The  field  components  are  then  given  by 


E  = 
P 


_ 1 _ 

J°^o£c 


dA 

_ Z_ 

dz  dp 


|C-16a) 


E 

Z 


_2 

^  A  2 
- z  +  k  A 

{  dz2 


(C-  16b) 


H 


(C-  16c) 
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E  =  H  =  H  =  0. 
0  p  z 


(C-16d) 


The  solution  of  Eq.  (C-15)  can  be  written  in  the  form 


Az(p.z)  =  p0  Jz(z')  G(c)(p.z;a.z')  dz' 
Jz'=0 


(C-17a) 


where  the  electric  Green's  function  G*e*  satisfies  the  scalar  Helmholtz  equation 
V^G(e)  +  k2G(e)  =  -8(p-a)  8(z-z'). 


(C-17b) 


Here  G(e)  (p,z;a,z')  represents  the  vector  potential  due  to  a  unit  axial  electric  current  loop  shown 
in  Figure  C-3,  and  is  subject  to  the  boundary  conditions  dG,e)/dz  =*  0  at  z  =  0,  h  and  the 
radiation  condition  as  p  -»  °°. 


Figure  C-3.  Unit  Axial  Electric  Current  Loop 
In  an  Infinite  Parallel  Plate  Waveguide 
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Since  5/9<|>  =  0,  Eq.  (C-17b)  becomes 


(  2  \ 

i!rp5T  +  k2  +  JT  G^(P«z;a*z')  =  -5(p-a)  5(z-z') 
yPdp  dp 


(C-181 


An  appropriate  representation  of  G W  js 


Gw(p,z;a,z')  =  X  fn(z0  gn(P.a)cos  &&z. 

n=0  "  h 


(C- 19) 


Substituting  Eq.  (C-19)  Into  Eq.  (C-18),  then  multiplying  both  sides  of  Eq.  (C-18)  by  cos  (nrcz/h) 
and  integrating  from  z  =  0  to  h,  where  we  use  the  orthogonality  property  of  the  eigenfunctions 
and  the  Integral  property  of  the  delta  function,  we  obtain 


f  (z')  =  -a  cos  Biz' 
v  /  h  h 


(C-20a) 


where 


n  L2.  n>l 


(C-20b) 


In  view  of  Eq.  (C-20),  substltuUon  of  Eq.  (C-19)  Into  Eq.  (C-18)  yields  the  ordinary 
differential  equation 


(pdlppd^+K”)e»,p'a,='5(|,“a) 


(C-21a) 


where 
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(mf.  im{Kn}so. 


(C-21b) 


2 

K 

n 


=  k 


2 


The  solution  for  the  radial  Green's  function  gn  that  satisfies  the  homogeneous  differential 
equation  corresponding  to  Eq.  (C-21a)  Is 


«„(P-a> 


A  J0(V)  •  P<a 

B  Hi2>(v)-  P>a 


(C-22) 


(2) 

which  ensures  flnlteness  of  g  n  at  p  =  0  and  decay  of  g  n  as  p  ->  oo.  The  J0(Knp)  and  HQ  (V) 
denote  Bessel  functions  of  the  first  kind  and  Hankel  functions  of  the  second  kind,  both  of  zero 
order. 

To  determine  the  coefficients  A  and  B.  we  use  the  properties  of  the  radial  Green's  function 
gn  at  p  =  a.  namely 


gn(a+A,  a)  =  gn(a-A,  a);  A->0 


(C-23a) 


dgn(P-a) 

dp 


a+A 


=  -1 ; 


A->0. 


a- A 


(C-23b) 


These  give  a  pair  of  simultaneous  algebraic  equations 


- 

J0  (Kna) 

-  Ho’(Kna) 

A 

0 

J0  (Kna) 

B 

L 

K 

L  n  J 

(C-24) 


where  the  prime  denotes  the  derivative  of  the  Bessel  and  Hankel  functions  with  respect  to  the 
argument.  Noting  the  Wronsklan  determinant 
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(C-25a) 


In  Eq.  (C-24)  we  And 


A  »  J-51 
2 


Hf(«„a) 


B  =  - 


Jrta 

2 


Jo(Kna) 


(C-25b) 


(C-25c) 


and  consequently. 


gn(p.a)  =  -J-^-  J0(KnP<)  H^2)(KnP>)  (C-25d) 

where  for  p  <  a:  P<  =  p.  p>  =  a  and  for  P>  a:  P<  =  a,  P>  =  p. 

Finally,  substituting  Eq.  (C-25d)  Into  Eq.  (C-19),  we  obtain 


G('Wa.z%J|±  X  e^J^pj  H^pJ  co9mz  co, Mz'. 


jua 

2h 


(2), 


n=0 


(C-26) 


The  vector  potential  in  a  parallel  plate  region  due  to  the  circular  cylindrical  current 
distribution  of  Eq.  (C-14)  can  then  be  determined  from  Eq.  (C-17a)  using  Eq.  (C-26),  that  is. 


A 

Z 


(P.z)  = 


J*an 

2h 


o 


Jo(Kna)Hi2)(V)>PSa 

Jo(V)H02)(Kna)’PSa 


(C-27a) 


where 
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(C-27b) 


The  field  components  Ep,  Ez  and  H^,  can  now  be  found  for  any  prescribed  axial  electric 
current  distribution  Jz(z')  from  Eq.  (C- 16). 
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Appendix  D 


Addition  Theorem  for  Hankel  Functions 


Using  Reference  14  ,  suppose  that  r  >  0,  p  >  0,  <j>  >  0,  and 


R 


p  -  2rp  cos  <J> 


(D-l) 


that  is.  suppose  that  r.  p  and  R  are  the  sides  of  a  triangle,  shown  In  Figure  D-l,  such  that  the 
angle  between  sides  r  and  p  is  equal  to  4>.  Suppose  also  that  p  <  r  and  that  \|/  is  the  angle 
opposite  that  side  p.  so  that 


0  <mi  <~ 
2 


(D-2a) 


and 


14  Gradshteyn,  I.S.  and  Ryzhik,  I.M.  (1965)  Table  of  Integrals.  Series,  and  Products.  Academic 
Press  Inc..  New  York. 
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(D-2b) 


J2*>  r-pe 


-J* 


r-pe 


!♦ 


When  these  conditions  are  satisfied,  the  Addition  Theorem  for  Hankel  functions  of  the  second 
kind,  of  order  zero  and  of  argument  kR,  is 


Ho2\kR)  =  J0(kP)  \kr)  =  2  X  Jm(kp)  HjJ(kr)  cos  m* 

m  =  1 


(D-3) 


where  k  is  an  arbitrary  complex  number. 


Figure  D- 1 .  Triangle  Pertaining  to  Addition 
Theorem  for  Hankel  Functions  H^2\kR) 
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Appendix  E 


Convergence  Acceleration  of  Series  Sn(5x) 


El  INFINITE  LINEAR  ARRAY  OF  MONOPOLE  ELEMENTS  IN  AN  INFINITE 
PARALLEL  PLATE  WAVEGUIDE 


For  the  infinite  lines*  array  of  monopoles  in  an  infinite  parallel  plate  waveguide,  the 
series  Sn(6d  is  defined  by  Eq.  (4-47c)  as 


s„(y*2£<Wd)“spv 

p=i 


(E-l) 


The  phase  increment  8X  between  two  neighboring  elements  can  be  related  to  the  array  scan 
angle  <t>Q  (measured  from  array  broadside)  by  the  standard  relation 
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(E-2) 


6  =  kd  sin  <b  . 

x  T0 

As  already  mentioned.  xn  is  the  propagation  constant  of  radial  modes  in  the  parallel  plate 
region  given  by  Eq.  (4-45e)  as 


Kn  =  kV  1-®J  11=01 . 


With  respect  to  Kn,  we  distinguish  two  cases  In  the  convergence  acceleration  procedure, 
both  considered  below. 

In  the  first  case,  Kn  Is  real.  The  rate  of  convergence  X  is  predominantly  determined  by  the 
behavior  of  Hankel  functions  (xnpd)  for  large  p  which  is 


Knpd-»~. 


(E-4) 


Thus,  the  series  X  In  Eq.  (E-l)  converges  as  1/Vp,  which  Is  too  slow  for  efficient  computation. 

To  avoid  this  difficulty,  the  slow  convergence  of  this  series  with  respect  to  the  Index  p  Is 
accelerated  using  the  relevant  relation  given  In  Reference  9,  that  is. 


2  X  H!f(2liyP)  cos  (2nxp)  = 

p=i 


valid  for  0  <  x  <  1.  In  Eq.  (E-5),  Im|l(m+x)2  -  y2]1/2  |  >  0.  (m=0.1.  )  and  Euler's  constant 
y  =  0.577  215  665  ...  .  This  relation  can  be  directly  applied  in  Eq.  (E-l).  with 


(E-6a) 
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(E-6b) 


It  is  seen  that,  basically  we  have  transformed  a  slowly  convergent  series  X  into  a  rapidly 

p 

convergent  series  X  •  The  series  X  converges  as  1/m3.  To  see  this,  for  simplicity  let  x  =  0, 

mm 

which  corresponds  to  the  broadside  array  scan  condition.  In  this  case,  when  m  is  large,  that 
is.  (y/m)  «  1,  one  may  write 


1 

4 m2-y2 


(E-7) 


Using  this  relation,  we  see  that  X  in  Eq.  (E-5)  is 

m 


£ 

m=l 


2 

V  m2-y2 


2_ 

m 


m=l 


(E-8) 


In  the  second  case,  Kn  is  imaginary,  that  is. 


with 


i\j  -  kV(^)2~i  -  °* n  >  °- 


(E-9a) 


(E-9b) 


then. 
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(E-9c) 


where  K^icjpd)  is  the  Modified  Bessel  function  of  order  zero  and  argument  jtcjpd  .  In  this  case 
Eq.  (E-l)  becomes 


Sn(8*)  =  J  J  I  KoflKnlpd)  COS  p^, 

n  p=l 


n  >  0. 


(E- 10) 


The  convergence  rate  of  this  series  depends  primarily  on  the  asymptotic  behavior  of  Modified 
Bessel  functions  Jpd)  for  large  argument  that  is,  p,  which  is 


Ko(lKn|Pd)  ~  Vaj^d  eH^Pd'  lKJpd  “• 


(E-l  1) 


Equation  (E-ll)  shows  that  Eq.  (E-10)  converges  rapidly,  and  therefore  there  is  no  need  for 
convergence  acceleration. 


E2  INFINITE  LINEAR  ARRAY  OF  MONOPOLE  ELEMENTS  IN  A  SEMI-INFINITE 
PARALLEL  PLATE  WAVEGUIDE 


For  the  infinite  linear  array  of  monopoles  in  a  semi-infinite  parallel  plate  waveguide,  the 
series  Sn(8x)  is  defined  by  Eq.  (4-47d)  as 


S„(8,)*2  XXW*1)  “»P8,-H“'(2V,  -  2  X  H “ 

P= 1  P= 1 


,(2). 


(2)1 


k  d 

n 


p2* 


(?)‘ 


cosp5  (E-12) 


As  tn  the  previous  section  we  consider  two  cases,  for  real  and  Imaginary  values  of  k„. 

(1)  k„  is  real:  The  slow  convergence  of  the  series  in  Eq.  (E-12)  is  accelerated  with  the  aid  of  the 
following  relation  9 
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2  £  H®'(2nyV  p2+z2  )  cos  (2rtxp) 
P=i 


-Ho2)(27ryz)  .  0  5x<  1  (E-13a) 


-2rtzV  x?-  00 

J  e  _  +  i  £ 


m=  1 


-2ftzV  (m+x^-y2  -2)tzV  (m-x)2-y2 

e  +e 


i  V  (m+x^-y2  V  (m-x)2-y2 


where  for  y2  >  (m+x)2 


V  (m+x)2  -  y2  — >  jV7  -(m+x)  . 


(E-13b) 


If  x  and  y  are  those  of  Eq.  (E-6)  and 


(E-14) 


it  is  evident  that  Eq.  (E-I3)  can  be  used  to  accelerate  the  second  series  in  Eq.  (E-12).  Thus, 
applying  Eq.  (E-5)  in  the  first  sum  and  Eq.  (E-13)  in  the  second  sum,  Sn(5x)  as  given  by  Eq. 
(E-12)  can  be  rewritten  in  the  rapidly  convergent  form 


j  i-e-awV^V 


+  L  y 

*  m=l 


j  _e-  2itz  V  (m+x)2  -y2  j  _g-2nz  V  (m-x)2-y^ 

- '  - -  +  - - - - -  ■  - - 

V  (m+x)2-y2  V  (m  -x)2-y2 


2 

m 


(E- 1 5a) 


where  the  Identity 


HoV*yZ)  =  H;2)(2V) 


(E- 1 5b* 
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has  been  used.  As  In  the  previous  section,  one  can  show  that  the  series  X  in  Eq.  (E-15a) 
converges  as  1/m3. 

(2)  Kn  is  Imaginary:  When  Kn  =  -  j|kJ  with  JkJ  that  of  Eq.  (E-9b),  Snf^)  becomes 


I.  Ko(l">>) 


P=1 


cosp6x-j|Ko(2|Kjs) 


-|4 


ill 


p=i 


lKJd 


cos  p8  .  n  >  0 


(E-16) 


which  Is  a  rapidly  convergent  series. 
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Appendix  F 


The  Fourier  Integral  of  the  Hankel  Function 

In  this  Appendix  we  shall  evaluate  the  Fourier  integral 


I  =  J  H®(kVx2+y2  )  e'Jk*mxdX 


where  H  ^’(kVx2  +y2)  is  the  Hankel  function  of  the  second  kind  of  order  zero  and  argument 


To  this  end,  since  the  argument  of  the  Hankel  function  is  an  even  function  of  X,  we  may 
write 


1  =  2  f  H^2l(kVx2+y2) 

Jo 


cos  (kjunX)dX . 


IF-25 
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Furthermore,  Eq.  (F-2)  can  be  transformed  Into 


a«o  _  aoo 

=  2  I  J0(kVxJ+yI)cos(kxmX)dX-J2  j  YQ(kVx2  +y2)cos  (k^X)  dX 

Jo  Jo 


(F-3) 


where  JQ(kV X2+y^)  and  YQ(kV X2  +  y1 )  are  Bessel  and  Neumann  functions  of  order  zero  and 
argument  kV X2  +  y2 . 

The  Integrals  In  Eq.  (F-3)  are  given  In  Reference  14  as 


>m  _  _ 

j  J0(kVx2  +  y2)  cos  (kj)  dX  = 


cos  (yVk2-k2  ) 

- v  - — ■  ^  .  0  <  k  <  k,  y  >  0 

xm 


(F-4a) 


.  0  <  k£k  ,y>0 

xm  ^ 


f  vJkVx^/) cos  (kxmX)  dX  = 

Jo 


sin  (yVk2-k2  ) 

_ _ y . . ,0<k  <  k.  y  >  0 


Vk2-k 


7 

xm 


Vk2^7 


(F-4b) 


,0<k<k  ,  y  >  0. 

xm  •' 


Using  these  results  we  may  write 


I  = 


-JyVk^Ikf. 


2 

_  |  r»  n  — i* _ 

2  5_  - - ,  0  <  k  <  k,  y  >  0 

/rz  ~  J 


Vk  -k 


J2 


kL-k2 


_____  ,0<k<k  ,y>0 

ViT^k7 


(F-5) 
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If  we  define 


k  =  V  k2  -  k2 

raO  xm 


.2  ,2 

k  >  k 

xm 


(F-6a) 


and 


inO 


=  -jVk2  -k2 

J  xm 


,2  ,2 

k  <  k 

xm 


(F-6b) 


in  Eq.  (F-5).  then  Eq.  (F-l)  becomes 


J  Hg2,(kVx2  +/)  e']k*mxdX  =  2  ■ 


-J'w 


(F-6c) 
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Appendix  G 


The  Stationary-Phase  Method  for  Evaluation  of  Integrals 


Expressions  for  the  first-order  asymptotic  evaluation  of  finite  Integrals  of  the  type 
I(Q)  =  J*b  f(x)e-jnti(x)dx. 


are  listed  below,  where  the  large  parameter  12  Is  assumed  to  be  positive  and  q(x)  Is  a  real 
function  of  the  real  variable  x.  If  the  function  fix)  has  no  singularities  near  an  isolated  first- 
order  stationary  phase  point  Xg  of  q(x),  where  q'(Xg)=0,  q"(xg)*  0.  the  asymptotic 
approximation  of  1(12)  is  given  by  (see  Reference  13  for  details) 


1(11)  - 1.(0)  u[(x,  -  -  x,))  *  yn )  ♦  of -iA  n 

In 


(G-2) 
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where  U(a)  =  1  or  0  for  a  >  0  and  a  <  0.  respectively.  The  IB  is  the  lowest-order  contribution 
from  the  stationary-phase  point,  namely 


.<“>  -  VHfrpTJ  f(x)  «>.)  *  °- 


(G-3a) 


and  Ie(f2)  is  the  lowest-order  contribution  from  the  endpoints. 


Ie(n)  =  - 


1 

ja 


fob)  e-J  «<K*b)  -  foa)  e"J  Qq(xa)1 

<(*b)  q'(Xa)  J 


(G-3b) 


The  stationary  point  Xg  (at  which  q'(Xg)  =  0)  is  assumed  to  lie  on  the  Interval  x*,  <  x,  <  xj,;  if  the 
interval  contains  several  stationary  points,  sufficiently  far  apart,  I„(£2)  is  a  sum  comprising 
terms  representative  of  each  Xg.  When  the  saddle  point  coincides  with  either  of  the  end  points 
xa  or  Xb.  the  corresponding  endpoint  contribution  in  Eq.  (G-3b)  is  omitted  and  one  takes  1/2 
times  the  stationary-point  contribution  in  Eq.  (G-3a).  When  the  interval  x„  <  x  <  xb  does  not 
contain  a  stationary  point,  the  Heaviside  function  vanishes  and  the  integral  I(fl)  is 
approximated  by  Ie(tl)  only.  When  an  endpoint  moves  to  infinity,  the  corresponding 
contribution  is  omitted.  Relation  (G-2)  fails  when  the  saddle  point  Xg  approaches  one  of  the 
endpoints;  for  example  when  Xg  moves  continuously  toward  and  across  x^,  the  I„(ii)  term  is 
discontinuous  since  the  saddle  point  disappears  from  the  integration  interval,  and  the  ie(fi) 
term  diverges,  since  q'(xb)  ->  0  as  Xb  ->  Xg.  In  this  Instance,  one  requires  a  more  careful 
asymptotic  evaluation  that  involves  the  error  function  or  the  Fresnel  integral. 
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Appendix  H 


Test  for  Power  Conservation 


In  this  Appendix  we  shall  demonstrate  that  the  expressions  for  the  active  array  Held  due  to 
an  infinite  array  of  monopoles  radiating  into  a  semi-infinite  parallel  plate  region  satisfy  the 
conservation  of  power  condition. 

All  elements  are  fed  with  the  same  amplitude  and  progressive  phase,  exp(-j  pd).  This 
permits  one  to  apply  the  periodic-structure  approach,  in  which  the  analysis  reduces  to  a  single 
unit  cell  shown  in  Figure  H-l.  The  unit  cell  consists  of  a  single  monopole  radiating  into  a 
rectangular  waveguide  with  conducting  top  and  bottom  walls  and  phase-shift  side  walls 
characterized  by  Floquet's  boundary  conditions.  The  unit  cell  size  is  d  x  h  where  as  already 
mentioned  h  <  \/2  so  that  in  the  semi-infinite  parallel  plate  waveguide,  only  the  TEM  (n  =  0) 
radial  mode  propagates.  Also  in  this  Appendix,  for  simplicity  of  presentation  but  with  no  loss 
of  generality,  we  assume  that  the  inter-element  spacing  d  <  \/2.  In  this  case  only  the 
dominant  (m  =  0,  n  =  0)  Floquet  mode  propagates  in  the  unit  cell.  Moreover,  to  obtain  the 
final  conservation  of  power  relation  analytically  in  a  closed  form,  it  is  assumed  that  the 
probe  current  has  only  a  single  term  (see  Section  4.3). 

The  conservation  of  power  relation  may  be  stated  as 
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PU,C( 1  -  lr.CsJ|2)  =  P,- 


(H- 1) 


Here 


is  the  TEM  mode  Incident  power  in  the  feed-coaxial  transmission  line  with  characteristic 
admittance  Yc.  As  indicated  in  previous  sections,  Ta  represents  the  active  reflection  coefficient 
defined  by  Eq.  (4-48a).  In  Eq.  (H-l),  Pt  represents  the  far-fleld  radiated  power  within  a  unit 
cell  of  cross  section  area  d  x  h.  It  is  given  by 

y»d/2  *h  ^  ^ 

p{  =  Re  E  x  H*  •  yQ  dx  dz.  (H-3) 

J-d/2  Jo 
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Figure  H-l.  Top  (a)  and  Side  (b)  View  of  the  Unit  Cell 
Pertaining  to  Evaluation  of  the  Complex  Poynting  Vector 


To  demonstrate  Eq.  (H-l)  we  may  refer  to  a  typical  unit  cell  In  Figure  H-l.  in  which  we 
consider  a  volume  V  bounded  by  a  surface  S  and  containing  TE  '  -mode  (double  prime)  fields. 
From  the  complex  Poynting  Vector  Theorem,  the  time-average  power  transmitted  across  a 
closed  surface  S  is  given  by  the  Integral  of  the  real  part  of  the  normal  component  of  the 
complex  Poynting  vector  E  x  H*:  that  is. 
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(H-4) 


1 


Rect)  ExH  •  dS  s  0 


since  there  are  no  sources  inside  S.  In  Eq.  (H-4)  dS  =  ndS  is  a  vector  element  surface  area 
directed  into  the  volume  V.  The  surface  S  consists  of  the  surface  Sc  around  the  unit  cell 
conducting  walls,  the  unit  cell  side  walls  Sj,  S2.  the  terminal  plane  St,  and  the  surface  over  the 
aperture  and  probe  area  Sa  and  Sp,  respectively.  It  is  assumed  that  the  reference  plane  St  4s 
sufficiently  far  from  the  radiating  element  so  that  only  the  dominant  mode  field  exists  there. 

✓s 

The  contribution  to  the  surface  integral  over  the  conducting  walls  is  zero  since  ExdSc  =  0. 
The  contribution  to  the  surface  Integral  over  unit  cell  side  walls,  as  will  be  shown,  is  also  zero. 
This  is  due  to  the  periodic  property  of  the  field,  namely, 


E(x+d,y,z)  =  E(x,y,z)  e 


.-JRxr 


(H-5) 


and  the  fact  that  the  normals  on  the  opposite  unit  cell  side-walls  point  in  opposite  directions 
(into  the  volume  V).  Relation  (H-5)  is  statement  of  Floquet’s  Theorem  where  the  transverse 
wave  numbers  of  the  Floquet  modes  are 


k  =k„  +  25  m,  m  =  0,  ±1 . 

xm  xO 


(H-6) 


With  the  help  of  Eq.  (H-5).  we  write 


E(d/2,y,z)eJk”"d/2  =  E(-d/2,y,z)e  ^k)tmd/2 


(H-7a) 


and 


H(d/2,y.z)eJk'm’d/2  =  H(-d/2,y.z)e~Jk*n'd/2 


|H-7b) 


Consequently 
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f  E  x  H  •  dSj  =  f  E(d/2,y,z)xH*(d/2.y.z)«  dSj  =  f  E(-d/2,y.z)  x  H*(-d/2,y,z)  •  dSj.  (H-8) 
J Ja  j  J  S| 


Since  d  S,  =  -Xq  dy  dz  =  -d  S2  In  Eq.  (H-7),  one  may  write 


1 


E(-d/2,y,z)  x  H*(-d/2,y,z)  •  dS 


=  -  j  E(-d/2,y,z)  x  H*(-d/2.y,z)  •  dS2  =  -j  E  x  H  •  d  o2 
Ja 2  Js 2 


So 


(H-9) 


From  Eqs.  (H-8)  and  (H-9)  It  follows  that 


J>*  •  dSj  +  J  Ex  H  •  dS2=0 


(H- 1 0) 


and  therefore  there  Is  no  contribution  In  Eq.  ((H-4)  due  to  the  surface  Integral  over  the  unit  cell 
side  walls  Sj  and  S2. 

Consequently  Eq.  (H-4)  reduces  to 


Re 


1 


E  x  H*  •  n  dS  +  Re 

a 


I  E  x  H*  •  n  dS  +  Re 

k 


f  ExH*»ndSt  =  0. 

•k 


(H-l  1) 


As  noted  earlier  E  and  E  denote  the  same  active  array  field  In  the  parallel  plate  region.  The  E 
represents  the  active  array  field  In  terms  of  cylindrical  radial  modes  (see  chapter  4)  while  E 
represents  the  active  array  field  In  terms  of  Floquet  modes  in  the  unit  cell  (see  Chapter  5).  In 
this  Appendix  both  representations  will  be  used,  depending  which  is  most  convenient. 
Equation  (H- 11)  can  be  further  simplified  by  noting  that 
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1 


E  x  H*  •  n  dS 


-L 


(nxM)  x  H*  •  n  dS 


■I 


[M(H*  •  n)  -  n(H*  •  M)]  •  n  dS  (H- 12) 


where  the  relation  for  the  aperture  field  E  =  n  x  M  has  been  used.  Since  H*  •  n  =  0,  Eq.  (H- 12) 
becomes 


1 


E  x  H*  •  n  dS  = 


H*  •  M  dS  . 

a 


(H-13) 


Here  M  Is  the  magnetic  ring  current  given  by 


M  =  -A 


Vo(z=0') 

pint 


=  *  MA.  a<p^b. 


(H- 14) 


Similarly,  on  the  probe  surface  J  =  z0  J2(z)  =  n  x  H  and  therefore 


1 


E  x  H*  •  n  dS 


‘I 


E  x  (J*  x  n)  •  n  dSp  = 


J*  [J*  (E  •  n)  -  n  (E  •  J*)]  •  n  dSp  (H-15a) 


or 


J  E  x  H*  •  n  dSp 


[  E  •  J*  dS 

Jsp 


(H-15b) 


since  J*  (  E  •  n)  =  0.  Thus,  Eq  (H- 1 1)  may  be  written  as 


Re 


H*  •  M  dS  +  Re 

a 


T  E  •  J*  dS  =  Re 

K 


[  Ex  H* 


y0  dSr 


IH-16) 
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In  the  following  three  sections  we  will  evaluate  the  Integrals  In  Eq.  (H-16)  and  show  that  Eq. 
(H-16)  holds.  This  verifies  the  expressions  and  the  relation  between  the  two  representations 
mentioned  above  for  the  active  array  fields  Introduced  In  Chapters  4  and  5. 


HI  EVALUATION  OF  THE  COMPLEX  POYNTENG  VECTOR  OVER  THE  COAXIAL 
APERTURE  AREA 


We  start  from  the  first  Integral  In  Eq.  (H-16)  which  can  be  written  as 


I 

a 


H*  •  M  dS  =  Re 

a 


p,z=0+)  M.  p  d  p  d  <t>. 

9 


(H-17) 


When  Eq.  (H-14)  is  used  for  Eq.  (H-17)  becomes 


I 

a 


2nV0(z=Q~) 

lnb 

a 


Re 


(H- 1 8) 


The  integral  in  Eq.  (H-18)  Is  given  by  Eq.  (4-43)  as 


J  h;(p.z=o+) 


d  o  =  - 


KV*(z  =  Cf) 

~  kC 


X  r - — - :r[- J—  lnb-  +  1  H*\b) 

f.  L  JTt  a  •  n  O  V  n  / 


n  =  0 


-HnJo(Kna)  +  *n  I  E„  1  Ja(K„a)  '  H„  +  S„(6,)  I  )  W-19) 


n  =  0 
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where  I '  and  S  (8J  are  defined  In  Eqs.  (4-45h)  and  (4-47d),  respectively. 

n  n  * 

For  simplicity  we  shall  assume  that  the  probe  current  has  a  single  term. 
(4-46)  apply,  that  Is, 


I' 

n 


c'iT 


In 


where 


-2 


1 


In 


* 


n  k 
h 


X  _  nX 
’  21  h 


and 


Cl"Clr+JCn"^L- 

11 


Here  c  '  and  c  ' .  are  real  and 

lr  11 


B,  =  Y  e  Jn(K  a) fH  +1  S(8)|l  . 

1  4-i  n  OV  n  )  l  n  n  n\  x/J  In 

n  =  0 


In  this  case  Eqs. 


(H-20a) 


(H-20b) 


(H-20c) 


(H-21a) 


(H-21b) 


In  view  of  Eqs.  (H-20a)  and  (H-21b)  when  substituting  Eq.  (H-19)  Into  Eq.  (H-I8)  yields 


I 

a 


K|vo(z=0~)f 

kzl 


Re 


n  =  0 


(H-22) 


To  determine  the  real  part  of  the  sum  In  this  relation  we  first  examine  Sn(8x).  For  this  reason 
It  is  convenient  to  write 


S  (5  )  =  S  +JS 

n\  x’  nr  J  n 


(H-23) 


where  Snr  and  are  real  and  can  be  found  simply  from  Appendix  E.  Since  h  <  X./2,  only 
S0(8X)  (ii  =  0)  has  a  real  part.  In  fact,  since  d  <  X/2  only  the  m  =  0  term  In  Eq.  (E-15a)  has  a  real 
part,  k  is  easy  to  see  that 


^or(^x)  =  -1  + - - — ^  sin2  (ks  cos  <t >). 

kd  cos  <(> 


(H-24) 


Thus 


s„(8,) 


S  *J  s , 

or  J  oi 


J  s 


nl 


,  n  =  0 
.  n  >  1* 


(H-25) 


Based  on  the  above  discussion  we  conclude  that  only  the  n  =  0  tf>rm  In  the  sum  of  Eq.  (H-22) 
has  a  real  part. 

To  obtain  an  expression  for  Re  k  '  B,|*  in  Eq.  (H-18).  we  write 

Bi=Bir+JBn  (H-26) 
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where  Blr  and  Bn  are  real.  Since  h  <  X/2  from  Eq.  (H-21b)  we  see  that 


Blr  =  J0(ka)  XWJ0[1  +  Sor(5j  =  JQ(ka)  1 10 %  — ^  sin2  (ks  cos  ?).  {H.27) 

kd  cos  $ 


Therefore 


Re  { c  jBj}*  -  Re  {(c  -  j  c (BJr  -)  B,,)}  •  c'„Blr-  c B„. 


IH-28) 


Inserting  Eq.  (H-28)  into  Eq.  (H-22)  we  finally  obtain 


■  K-^°~)|  {)’[!♦  S^Sj] -  c Blt ♦  c  , ,  B„}. 


(H-29) 


H2  EVALUATION  OF  THE  COMPLEX  POYNTING  VECTOR  OVER  THE  PROBE  SURFACE 


We  next  consider  the  second  integral  in  Eq.  (H-16): 


I 

p 


E  •  J*  dS 


P 


(H-30) 


Since  evaluation  of  I  is  similar  to  that  of  I.  above,  our  derivation  will  be  brief.  Since  E  (a.?.) 

F  “ 

and  J(z)  have  no  angular  dependence  one  has 


I 

p 


=  2na  Re 


Ez(a,z)  J  *(z)  dz. 


From  Eqs.  (4-20a)  and  (4-20b)  for  the  single  probe  current  term 


(H-31) 
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JZ(Z)  =  C !  sini  (z-Q. 


(H-32) 


The  total  tangential  field  on  the  probe  surface  Is  given  by  Eq.  (4-22a)  as 


E2(a.z)=JKV0(z  =  0-)  X 

n  =  0 


(R„  ~  P„*  Cn<Z> 


(H-33) 


where  the  functions  Rn  and  Pn  are  defined  in  Eqs.  (4-22b)  and  (4-22c),  respectively.  The  1  'n  Is 
given  by  Eq.  (4-24a)  as 


1 


'  =  c'.  1, 

n  1  In 


(H-34a) 


where,  from  Eqs.  (4-24b)  and  (4-24c) 


a 


In 


=  k 


I' 


Cn(z)  sin  ^  (z  -  I)  dz 


(H-34b) 


and 


c 


l 


2na  Z. 

.< _ 9 _ c 

JVo(z  =  0-)  1 


(H-34c) 


Substituting  Eq.  (H-34a)  Into  Eq.  (H-33)  and  subsequently  Eqs.  (H-32)  and  (H-33)  into  Eq.  (H-31) 
we  have 


I  =  Re 

p 


,  KV  (z  =  0')2ra  ~  /  x 

<j  -  o  —  -  y  (R  _P  c'  l  )c*  l 

J  i,  ^  '  ii  n  l  In '  1  In 

K  n  =  0 


(H-35) 
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Using  Eq.  (H-28)  we  may  write 


I 

p 


kZ. 


I  (Ci‘'llnR»-Pn  |ci|2,1 

n=0 


,1 


InJ 


or  in  terms  of  Aj  j  and  Bj  defined  by  Eqs.  (4-27b)  and  (4-27c)  as 


(H-36a) 


Au=  I 


n=0 


2 

P  1, 
n  In 


(H-36b) 


Bi=I 


n=0 


r  a, 

n  In 


(H-36c) 


I  p  becomes 


r  kz_  1 


B,- 


S,} 


(H-36d) 


Since  [see  Eq.  (4-27a)l 


c 


l 


(H-37a) 


we  see  that 
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I 

p 


*|V0(z  =  0-)j2 

kZ„ 


Re 


A* 


11 


11 


=  0. 


(H-37b) 


Tli us  the  integral  of  the  complex  Poynting  vector  over  the  probe  surface  is  zero,  as  It  should  be. 
The  boundary  conditions  for  the  field  on  the  probe  are  therefore  satisfied. 

Although  Ip  =  0,  we  rewrite  Eq.  (H-37b)  into  the  form  useful  in  the  following  analysis.  We 
start  from  Eq.  (H-36d)  which  can  be  rewritten  in  the  form 


I 

p 


-m2 


K|Vo(z  =  0")| 
kZ„ 


lC  lr  Blr  +  C  11 


bh- 


lc',1' 


TlrJ 


(H-38a) 


where  Eqs.  (H-20c)  for  c  ' ,  (H-26)  for  Bj  and 


A11  =Allr+JAlll  (H*38b) 


have  been  used.  Since  h  <  X/2  and  d  <  X/2  it  is  easy  to  see  that 


A1  lr  =  1  10  J0  <ka>  t1  +  Sor(8x)]  =  1  10  J0  ^ ^  ^  (kd  TOS 

kd  cos  <!> 


Inserting  Eq.  (H-39)  into  Eq.  (H-38a)  we  obtain 


(H-39) 


2 

■«, = K|Xz°°  -  bi, + c b„  -  |2 1 1 <ka>  [  > ♦  s„(y}  ■  »•  «-«) 


We  shall  now  sum  Eqs.  (H-29)  and  (H-40),  that  is 


K  |V  (z  =  0")|2  [  2  ,  ,2  2  2  I. 

*  ‘p  -  J--k“z  ■ ~J -  [ '»  -  2c  I,  B.P  +  lc  1  1  10  Jo  <k»)K  ‘  ft) ]•  (H-4 !  1 
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Substitution  of  Eq.  (H-24)  for  Sor(8x)  and  Eq.  (H-27)  for  Blr,  and  the  relation 


(H-42a) 


Into  Eq.  (H-41)  yields  the  final  result 


I  +  I  =  Re 

a  p 


J  H*  •  M  dSa  +  Re 


I  E  •  J*dS  =  Re 

k 


L 


H*  •  M  dS 

a 


_KlVo(z  =  0-)l2 
kZ„ 


3o-2^rj0(ka)'iio30+ 


)] 


kd  cos 


sin2  (ks  cos  <>0) .  (H-42b) 


H3  EVALUATION  OF  THE  COMPLEX  POYNTING  VECTOR  OVER  THE  UNIT  CELL 
CROS8-SECTION  AREA 


In  this  section  we  evaluate  the  power  through  the  terminal  plane  St.  which  is  given  by  the 
integral 


ExH*  •  y0dS,. 

t 


(H-43) 


We  first  list  expressions  relevant  to  the  modal  representation  for  the  electromagnetic  field 
In  the  unit  cell.  As  already  mentioned,  the  latter  consists  of  a  single  monopole  radiating  into 
a  rectangular  waveguide  with  conducting  top  and  bottom  walls  and  phase-shift  side  walls 
defined  by  Floquet  type  boundary  conditions.  Denoting  the  transmission  direction  by  v  in  a 
Cartesian  coordinate  system,  the  transverse  field  components  due  to  a  probe  current  and 
magnetic  ring  source  in  a  unit  cell  with  dimensions  h  x  d  may  be  expressed  In  terms  of  a 

complete  set  of  TE  y  modes  (double  prime)  as 
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Et(r) 


I 


n=  0 


V"  (y)  e"  (x.z). 

mnu  7  mrr  7 


(H-44a) 


Ht(r)=  I  I 

m  =  -<*>  n=  0 


1  (y) 

mnu  7 


h"  (x,z). 

mnv  7 


(H-44b) 


The  normalized  vector  mode  functions  are 


e  (x.z)  =  — sst. 

0111  !kxJ 


(H-45a) 


and 


h"(x.z)  =y0  x  e^(x.z) 


(H-45b) 


where 


e 

n 


n  =  0 
n>  1 


(H-45c) 


Relations  (H-45)  represent  a  complete,  orthonormal  set  such  that 


e  "  •  e  dx  dz  =  5 

mn  mil  mn.mn 


(H-46) 


and  similarly  for  the  h^n  functions.  The  asterisk  denotes  the  complex  conjugate  and  8 
stands  for  the  standard  Kronecker  delta  function.  Modal  voltage  and  current  amplitudes 
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V"  and  I "  satisfy  the  transmission-line  equations 

mn  mn  J  ^ 


dV"  (y)  -  ~ 

— Eaor_l  =  -j  k  Z"  I  "  (y) 

jjy  J  mn  mn  mnu  7 


(H-47a) 


dl"  (y) 

mnv  ’ 

dy 


=  -]  K 

J  n 


Y" 

mn 


(H-47b) 


where  the  modal  characteristic  impedances  Z  "  and  admittances  Y  "  and  the  modal 

r  mn  mn 


propagation  constants  k  are  defined  by 


A 


Z" 

mn 


1 


mn 


°Vo 

Kmn 


(H-47c) 


K 

mn  tmn 


,  Im  {K  \  <  0. 

I  mn  J 


(H-47d) 


The  choice  of  sign  on  the  square  root  insures  the  radiation  condition  for  y  «>  Here  ktmn 
the  transverse  propagation  wave  vector 


is 


k  „  =  r  k  +  z„  k 
™  0  xm  0  zn 


(H-48a) 


with 


tmn 


tmn 


=  Vk  + 

xm 


zn 


|H-48b) 


where 
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m  =  0,  ±  1,  ... 


(H-48c) 


k  =  k  .  +  ---  m, 
xm  xO  H 


and 


k  =M,  n=0.  1.... 

zn  h 


In  Eq.  (H-48c),  k^d  =  8X  where  8X  is  the  inter-element  steering  phase  delay. 
For  the  dominant  mode  field  (m  =  n  =  0),  Eq.  (H-44)  takes  the  form 


Et(r)=voo<y)i 


oo 


(x) 


Ht(r)  =  *oofr)hoo(x) 


where  from  Eq.  (H-45a) 


e~-|kxox 

Vdh 


Since 


oo 


we  can  see  from  Eqs.  (H-49)  and  (H-46)  that  Eq.  (H-43)  may  be  written  as 


(H48d) 


(H-49a) 


(H-49b) 


(H-49c) 


(H-50a) 


(H-50b) 
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where  the  dominant  TE^-mode  characteristic  admittance  as  defined  by  Eq.  (H-47c)  Is 


cos<j>0 

^0 


In  Eq.  (H-50c)  we  used  the  relations 


|H-50c) 


kx0  =  k  sin  <t,0 


and  (see  Eq.  (4-47d)] 


kC°s£0 


(H-51a) 


(H-5Ib) 


(H-51c) 


where  the  scan  angle  <t>()  Is  measured  from  array  broadside. 

The  active  electric  far  field  in  terms  of  TE^  Floquet  modes  in  the  unit  cell  is  given  by  Eq. 
(6-18)  which  is  valid  for  h  <  X  /2.  For  convenience  we  rewrite  this  relation  below: 


Ez(x,y)  =  -  4K  V°^Z  10  - 1^  JQ(ka)j  £  e",Km°y  SillJjsof.  e  JNnoB 


(H-52) 


mO 


where  Km0  is  given  by  Eq.  (6-12b).  Also  as  already  Indicated,  for  simplicity  of  presentation  in 
this  Appendix  we  assume  that  the  inter-element  spacing  d  <  X/2  so  that  at  the  terminal  plane 
S,  only  the  propagating  rn  =  n  -  0  Floquet  mode  exists.  In  this  case  Eq.  (H-52)  reduces  to 


4K  V  (z=0~)  i  1  _tk 

Ez(x,y)  = - °d  jl0-I'J0(ka)jeJ  ^ 


x  e  lKoo 


,  sin  kw  s 


f>  JK00  ■ 


(1 1-53) 
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We  would  like  to  cast  Eq.  (H-53)  into  the  form  of  Eq.  (H-49a).  Comparing  these  two  relations 
we  see  that 


V„>)»  4KV0(„0-)Jir 

xO 


sin  k  s  _lK  . 
00  p.  iKooa 


oo 


(H-54) 


From  here 


IvJ  =  16  K2  [Vo(z=0-)j 


_M2h 

d 


fo lo  J0(ka>  - 3o  +  1  Jol 2  Jo<ka> 


sin  koqs 


00 


(H-55) 


Since 


Io  =  (C  lr+JC  1.)  T 


10 


(H-56a) 


one  may  write 


,a_  16  K2  |VQ(z=0-)|2 


00' 


Jo-2JoJo<ka>c;r'lio* 


8to  *oos 


00 


(H-56b) 


The  real  transmitted  power  through  the  terminal  plane  St  can  be  now  evaluated  from  Eq.  (H- 
5Cb)  where  the  dominant  mode  characteristic  admittance  is  defined  by  Eq.  (H-50c). 
Substitution  of  Eqs.  (H-56b)  and  (H-50c)  into  Eq.  (H-50b)  yields 


„  .4K2  |V0(z=0-)]2  h 

'  — 


J0(ka)  c'lr  T 10  + 


I !{,  t2  Jg(ka)  - 4 — _  sin2  (ks  cos  <!>0).  (H-57) 


kd  cos  <i»0 


1/ 'sorting  Eq.  (4-5d)  for  K  into  Eq.  (H-57)  we  finally  obtain 


pt= 


s|vo(«"0->r 

kZ„ 


2  J2(ka) 


kd  cos  4>0 


sin2  (ks  cos  <t>0)  (H-58a) 


where 


r 

Z„  =  2°  In  t .  (H-58b) 

0  2k  a 


We  see  that  Eq.  (H-58a)  Is  Identical  to  Eq.  (H-42b)  and  therefore  we  conclude  that  Eq.  (H-16) 
Is  Indeed  satisfied.  The  latter  relation  Is  directly  related  to  the  conservation  of  power 
condtion  (Eq.  (H- 1)1  by  the  requirement  that  the  complex  power  across  a  coaxial  aperture  must 
be  continuous.  Namely, 


/0(z=0~)  l*(z=0-)  =  J  H**MdSa 


(H-59) 


Since,  as  shown  in  Section  H2 


Re 


E 


•  J  *dS  =0 

p 


(H-60a) 


one  sees  that 


Vo(z«0-)  l*(z=0~)  =  Pt. 


(H-60b) 


The  TEM  mode  voltage  and  current  amplitudes  V0  and  I0  |se?  Eqs.  (4-38)  and  (4-37)1  In  the  feed 
coaxial  transmission  line  can  be  expressed  In  terms  of  Incident  and  reflected  TEM  mode 
voltages  and  currents  V(nc,  Vref,  and  1^,  Iref,  and  the  active  reflection  coefficient  ra(5x)  as 
follows: 
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v0(z=o-)  =  vtac(Z=o-)[i+r(5x)] 


(H-61a) 


(H-61b) 

(H-62a) 

(H-62b) 

(H-62c) 

(H-62d) 

(H-63a) 

(H-63b) 


represents  the  incident  power  in  the  feed  transmission  line.  From  Eqs.  (H-60b)  and  (H-63)  we 
see  that 
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ptt,«[‘-ir.(yi2]=p, 


(H-64) 


which  is  the  desired  conservation  of  power  relation.  Thus,  the  expressions  for  the  active  array 
field  derived  In  Chapters  4  and  5  Indeed  satisfy  the  conservation  of  power  condition. 
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Appendix  I 


where  the  function  f(x)  Is  specibed  at  a  finite  number  of  equally  spaced  sampling  points,  and 
fl  Is  a  large  parameter.  Since  the  integrand  is  a  rapidly  varying  function  of  x.  standard 
numerical  integration  techniques  cannot  be  applied  because  H  the  large  number  of  Integration 
steps  required  to  achieve  a  desired  computational  accuracy. 

To  develop  an  efficient  integration  scheme  we  assume  that  fix)  Is  given  by  a  set  of  values 
{f(x,)}.  1  =  1,2 . N+l  on  the  interval  [a,bl  where 
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.  b  -  a 

x,  =  a  +  (1  -  1)  — — 
i  v  ’  N 


(1-2) 


and  N  is  the  number  of  subintervals.  We  approximate  f(x)  in  each  subinterval  by  a  cubic 
polynomial 


P.<X>  =  C0.i  +  Cl.,(X-Xl)  +  C2.i(X-Xl)2  +  C3.i(X~Xi)3 


(1-3) 


with  coefficients  Cn,i.  n=0 . 3.  1=1 . N  to  be  determined. 

Hence  one  can  write 


(1-4) 


It  is  Important  to  mention  that  the  Integrals  in  Eq.  (1-4)  can  be  evaluated  in  closed  form  and 
consequently  the  integration  error  is  due  only  to  the  approximation  of  flx)  in  each  subinterval 
by  a  cubic  polynomial  Pi(x).  The  interpolation  error  is  estimated  in  Reference  12. 

The  method  of  determining  P((x)  is  known  as  cubic  spline  interpolation  and  is  described  in 
Reference  12.  The  method  is  based  on  the  requirement  that 


p,(x,)  ■  f(x,)  0-5a) 

pi(Vi)  =  Ki)  <I5b> 


p.-«(*.)-p.(x.)' 


(I -5c) 


and 
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p.'(xl)  =  f'(x.) 


(I-5d) 


Pi(xi+l)  =  f'(xi+i) 


0-5e) 


with  1=1 . N. 

From  Reference  12  the  coefficients  Cn  l  are 


C 


o.i 


=  f(x.) 


(I-6a) 


Cu  = 


_Ax,-if[xrxi+J  +  Ax,  f[Vi-x, 


Axi-i  +Axi 


a-6b) 


ffx.x  1  —  C 

C„  .  =  - LI  -  c„  .Ax. 


2,1 


Ax. 


3.1 — t 


P-6c) 


C3,= 


_cu+i+cu-2f[xi'xiJ 


(Ax,)' 


(I-6d) 


where 


Axi=xi  +  i-x. 


(I-6e) 


and  1=1 . N+l. 

The  standard  difference  function  Is 


f  [xoi  =  f(xo) 


(l-7a) 
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l  o 


(I -7b) 


*2  0 


(I-7c) 


or  In  general 


f[Xn,Xn-r",,XrXo]  ~ 


X  -X 
n  0 


(I-7d) 


Rewriting  Eq.  (1-3)  into  the  form 


P,(X)  =  A0.1  +  Au  x  +  A2.i  **  +  A3.i  x3 


U-8a) 


where 


A0.,'C0.,-CUX.  +  C2..Xf-C3iX. 


(l-8b) 


AU  =  Cl..-2C2.1X«  +  3C3.iXl 


(I -8c) 


A2,l  -  C2.1  3  ^3,1 


(l-8d) 


A3.l  ~  C3.1 


(I-8e) 


Eq.  (1-4)  becomes 


-b 


J. 


rwe-)">dx=2  l  An 

1=1  n=0  jx. 


vj; 


i+t 


Lne'jnxdx. 


(1-9) 
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The  integrals  in  Eq.  (1-9)  can  be  evaluated  analytically  using  the  general  formula  from 
Reference  14 


f  xn  e~lnx  dx  =  xn  e“*nx  +  —  f  x(n+1)  e'JQx  dx. 

J  O  «  J 


For  the  special  case  of 


f(x)  e_Jtlx  dx 


where  f(x)  is  an  even  function  of  x,  Eq.  (I- 11a)  reduces  to 


f(x)  cos  fix  dx. 


In  this  case 


I 


f(x)  cos  Ox  dx 


N  3  f* 

=  £  ^An-*  I 

1=1  n=0  Jx 


1+1 


xn  cos  Ox  dx 


where  (  are  given  by  Eq.  (1-8)  and 


f  n  „  .  xn  sin  Ox  n  f 

I  x  cos  Ox  dx  = - - 11  1 

J  O  O  J 


x(n  ”  sin  Ox  dx. 


Specifically,  the  integrals  in  Eq.  (I- 12b)  are 


(MO) 


(Mia) 


a- lib) 


(I- 12a) 


(I- 12b) 
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f 

I 


i+i  sin  fix '  ,  -  sin  Ox, 

cos  fix  dx  = - tu - l- 

fl 


:i+i  cos  Ox,  ,  -  cos  Ox,  x,  sin  Ox  +  x  sin  Ox 

x  cos  Ox  dx  =  - - thl - J  -  -tti - i±i - J - *■ 


O 


O 


fxi+i  „  2  x  ,  cos  Ox,  -  2  x,  cosOx 

x2  cos  Ox  dx  = - ^ - tt1- - * - i 

Jx,  O2 


(x2  } 

xi+l  -  2 

sin  Ox,  ,  - 

fi-i] 

O  03 

V  U  ) 

l+i 

1°  n’J 

sin  Ox, 


and 


I 


i+i 


x  cos  Ox  dx  = 


^3  x2  .  o 
l+i  _  _6_ 

v  O2  fl4 ) 


COS  OXJ+J  - 


fcL. 


Jg_ 

o2  o4 


cos  Ox, 


/  3  ,,  > 

Xl+1  _6X1+1 

sin  Ox,  ,  - 

(  3  0  \ 

X.  _6X1 

O  o3 

V  ) 

i+i 

o  n3 

**  y 

sin  Ox, 


(1-  13a) 


(1-  13b) 


(l- 13c) 


(1-1 3d) 


Setting  x=kx0,  O  =  pd  and  f(x)  =  d /n  Tad^o).  Eqs.  (1-12)  and  (1-13)  can  be  applied  to  e\aluate 
the  coupling  coefiiclents  for  the  infinite  linear  array  of  monopoles  In  the  parallel  plate 
waveguide  as  defined  by  Eq.  (4-52). 
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RADC  plans  and  executes  research,  development,  test  and 
selected  acquisition  programs  in  support  of  Command,  Control, 
Communications  and  Intelligence  (CSI)  activities.  Technical  and 
engineering  support  within  areas  of  competence  is  provided  to 
ESD  Program  Offices  (POs)  and  other  ESD  elements  to 
perform  effective  acquisition  of  CiI  systems.  The  areas  of 
technical  competence  include  communications,  command  and 
control,  battle  management  information  processing,  surveillance 
sensors,  intelligence  data  collection  and  handling,  solid  state 
sciences,  electromagnetics,  and  propagation,  and  electronic 
reliability / maintainability  and  compatibility. 


